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Abstract
In order to reduce the long computation times normally associated with three dimen-
sional non-linear finite element models of the line heating process, a simplified model
for the prediction of angular deformations of plates due to line heating is presented.
The complete model is composed of thermal and mechanical subsidiary models. The
thermal model utilizes an analytically determined temperature distribution, which
has been modified from an existing solution to increase accuracy by incorporating
the effects of convective heat losses and a distributed heat source in lieu of a point
heat source. Based on user-defined values of heat source strength, plate thickness,
and heat source speed, the size and shape of isotherms can be calculated. Using
the thermal model, the dimensions of the isotherm corresponding to a critical tem-
perature, which defines the size of the inherent strain zone, are found and used in
the mechanical model. The mechanical model uses the dimensions of the inherent
strain zone to calculate estimates of angular deformation and equivalent nodal forces,
which can be used in a linear finite element model. Line heating experiments on
mild steel plates were performed with a variety of heating conditions. Based on the
temperatures measured during these experiments, the resulting temperature field is
matched with the model and used to find the angular deformation analytically and
with a linear finite element model. These values are compared with corresponding
experimental results and a relation between the heating condition and the amount of
deformation is established.
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Chapter 1
INTRODUCTION
The fabrication of structural components in today's manufacturing environment typ-
ically requires the use of several processes, such as casting, machining, welding, die
forming, cutting, and drilling. Depending on the complexity of the part, the pro-
cess may require the use of custom tools and dies. This conventional manufacturing
approach is best suited to high production quantities, allowing the development and
tooling costs to be amortized over several hundreds or thousands of parts. However,
small production lots are the standard in many industries, including shipbuilding and
aerospace. This condition makes the cost of the products extraordinarily high due
to tooling and long development cycles. Even in mass production industries, such as
the automotive industry, the fabrication of prototype hardware is costly.
Metal forming by a moving heat source is an effective and economical method
for transforming flat metal plates into three-dimensional shapes for plating for ships,
trains, airplanes, and for rapid prototyping of complex curved objects. However,
metal forming with a moving heat source is more of an art form than a science,
performed by a skilled workforce. Due to the increasing age of the skilled workers
performing plate shaping by heating, it becomes urgent to automate the metal forming
process. It is believed that by taking advantage of ideas from differential geometry and
numerical simulation, this goal is achievable. Also, the effect of heating parameters
on the deformation of plates and the relation between the final plate shape and the
heating procedures must be understood [20].
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The process of shell forming by line heating is a coupled, non-linear, thermo-
mechanical process, and is often simulated by a full three-dimensional analysis. How-
ever, the computation time required is typically very long, on the order of days, and
is not suitable for a real-time analysis.
The objective of this thesis is to establish a simplified thermo-mechanical model
of the line heating process, which is capable of approximately predicting the amount
of angular deformation in a plate based on the plate type and the heating conditions.
The second chapter describes the simplified mechanical model which calculates the
angular deformation and equivalent nodal forces which result from the line heating
process. The assumptions and limitations of this model are also discussed.
The third chapter presents the derivation of the analytic solution of the tem-
perature change at a point in a plate with a moving heat source. Collectively, the
temperature changes at every point yield a temperature distribution. This solution
is provided for the cases of a constant strength heat source, without and with heat
losses, and of a variable strength heat source without heat losses.
Modifications are made which improve the realism and accuracy of the models
presented in the Chapters 2 and 3. These modifications are explained in the fourth
chapter and involve the addition of heat losses and distributed heat sources to the
thermal model and a more direct method for calculating the angular deformation in
the mechanical model.
The experiments which were conducted for the purpose of comparison with the
analytic solution are described in the fifth chapter. The experimental setup and
procedure are presented, along with the data collected. The method used for matching
a value of heat flux and heat affected area are also explained.
In the sixth chapter, the method for applying the modified temperature distri-
bution to the mechanical model is described. The results obtained from the models
are compared against their corresponding values from experiment. An analysis of the
behavior and limitations of the model provides an explanation of the discrepancies
between the analytic and experimental results.
Finally, based on the comparison of the analytic and experimental results, con-
13
clusions are drawn regarding the behavior and reliability of the simplified model.
From these conclusions, recommendations for future research with respect to the line
heating model are made.
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Chapter 2
SIMPLIFIED MECHANICAL
MODEL
2.1 INTRODUCTION
In this chapter, a simplified mechanical model proposed by Jang et al. [7] is investi-
gated. This model reflects the characteristics of the distribution of the temperature
field, the size of the plastic area, and the interaction between the plastic area and the
elastic area. Given the heat conditions, such as heat flux rate, heat loss coefficients,
material properties of the plate, the size of the plastic area can be computed by a
local analysis of the cross section of a plate. The interaction between the plastic area
and the elastic area is equivalent to bending moments distributed along the heating
lines. The deformation of the plate can then be predicted by analytical solution or
a linear analysis finite element model, which is much faster than a full, non-linear,
three-dimensional finite element analysis.
2.2 ASSUMPTIONS
In order to reach the degree of simplicity found in the model, certain assumptions
are made. There are four major assumptions required for the thermal elasto-plastic
model.
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The first assumption is that the elasto-plastic process is concentrated on a circular
disk under the heat source and that the plate is infinite in two dimensions. Also, the
diameter of the disk changes through the thickness of the plate, resulting in elliptical
isothermal boundaries in the cross-section of the plate perpendicular to the direction
of the heating line. There are several limitations to the first assumption. First, the
plastic region which results from heating is not actually a disk, but more of a teardrop
shape, as shown in Figure 2-1 when the plate surface is viewed from above.
(a) (b)
Figure 2-1: (a) Assumed isothermal region (b) Actual isothermal region.
This shape is a result of the effects of the moving heat source, which leaves a
'wake' of increased temperature. This temperature distribution can be verified by
Rosenthal's solution for a moving heat source on a two-dimensional surface [11]. In
certain heating processes, however, water is supplied following the heat source, result-
ing in a more circular isothermal region. Also, lower heat source speeds will produce a
more circular temperature distribution. The second limitation to the first assumption
is that the plate dimensions are not infinite and the deformations predicted by the
model will stray farther from exact results as plate size decreases with respect to a
given heating condition. The third limitation is also related to plate dimensions. The
analysis performed by Jang et al. does not account for edge effects [7]. A reduction
in rigidity which occurs at the edges leads to lower deformations in that region.
The second assumption is that the thermal elasto-plastic process occurs within
the small, circular region axisymmetrically and the remaining elastic region resists
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the expansion and contraction of the circular plastic region. The resistance of the
elastic region on the plastic zone is modeled as a set of surrounding springs which is
illustrated in Figure 2-2a. The spring constant K is evaluated by deriving the radial
displacement of a circular hole of an infinite plate subjected to an inner uniform
pressure p, as shown in Figure 2-2b.
K
(a) (b)
Figure 2-2: (a) Model of plastic region (b) Model of elastic region.
As with the first assumption, one of the limitations is the fact that the plastic
region is not axisymmetric. Another limitation to the second assumption is that the
model utilizes a constant value for each material property in each of the regions. In
the actual heating process, material properties vary with temperature in a continuous
manner so that resistance to expansion of the plastic zone would vary according to
the temperature.
The third assumption states that the temperature increasing process, which results
in thermal expansion, can be thought of as a mechanical plastic loading in the plastic
region and the temperature decreasing process is a mechanical plastic unloading. This
plastic unloading process is the cause of the residual strains which ultimately result
in the plate angular deformation.
The fourth and final major assumption is that the final angular deformation results
from the integration of deformation due to the residual strain in each disk. The
bounds of integration are defined by the region of inherent strain produced during
heating, which is assumed to have an elliptical distribution in the plane of the plate
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perpendicular to the heating path. The assumed elliptical distribution is based on
experimental results and Rosenthal's solution [13][11].
2.3 DERIVATION
As stated previously, in the simplified elasto-plastic model, angular deformations
result from inherent strains caused by heating. Expressions for these deformations
are derived from the case of loading of a two-dimensional circular disk on an infinite
plate into the plastic regime and the dependence of the size of the plastic region on
the heating conditions [7].
2.3.1 RESIDUAL STRAIN
When a load is placed on the circular disk, the relationship between the stress and
strain, according to [7], is given by
duD 1(+ (2.1)Er-dr ED0rV O r
in the radial direction and
60-UD ( _ 1 LDCr) ± E* (2.2)
r ED *
in the tangential direction, where
cr=total radial strain of disk
co=total tangential strain of disk
uD=radial displacement of disk
r=radial distance
ED=Young's modulus of disk
o,=radial stress of disk
VD=Poisson's ratio of disk
ao=tangential stress of disk
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*=radial inherent strain of disk
E0=tangential inherent strain of disk
It should be noted that the word inherent is used synonymously with the word
residual in this analysis. With uniform pressure applied to a circular disk, Or = 0--
0 -D and E* = ) = E*. Therefore, with reference to equation 2.2,
UD - 1 - vD) 0D + C*] r (2-3)
.ED
where
UD=stress of disk
E*=inherent strain of disk
Radial displacement of a circular hole of an infinite plate under uniform pressure
p, according to Timoshenko [15], is given by
up = pa (1+vP) (2.4)
Er
where
up=radial displacement of plate
p=uniform pressure in circular hole (as in Figure 2-2b)
Ep=Young's modulus of plate
a=radius of circular hole
vp=Poisson's ratio of plate
At the interface, where r = a, the effect of the elastic region on the plastic zone is
modeled as a set of springs with a spring constant, K, defined by rearranging equation
2.4 and substituting r = a.
K Up a= Ep (2.5)Up a (1+ vp)
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The stress of the disk at the elastic-plastic interface is given as
UD = -KUD (2.6)
where UD is the displacement at the interface where r = a with continuity of displace-
ments existing at the interface. The negative sign ensures that when UD is positive,
the disk experiences compression, while when UD is negative, it experiences tension.
By substituting expression 2.3 for UD in expression 2.6 [7], the resulting relation
is
-*aK (2.7)
1 (+ 1-VD)Ka1+ ED
where u = oD = up at r = a.
At the maximum load, which occurs at the highest temperature, the radial dis-
placement of the disk can be expressed as the sum the elastic strain, the maximum
plastic strain, and the thermal induced strain, multiplied by the radius a. This radial
displacement must be equal to the value of UD in equation 2.6, yielding
(CeD+ E,,,+ aT) a UyD(2.8)
where uyD is the yield stress of the disk and Te is the critical temperature of the
material.
The elastic strain of the disk at the yield stress yD is given by
CeD yD (1- VD) (2.9)ED
Substituting equation 2.9 into 2.8 yields
(1 - vD) + m c (2.10)
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And when expression 2.10 is solved for eyD, the result is
(Epm + aTc) (cpm + aTc) aK
EDD + 
-(1-vD) aK +1
If the assumption is made that material properties such as yield stress and Young's
modulus become negligible at high temperatures, resulting in large plastic strain, then
OryD =- (Epm + aTc) Ka (2.12)
1+ (") Ka
and therefore
Epm = -aTc (2.13)
The physical interpretation of relation 2.13 is that the maximum plastic strain is
equivalent to the strain produced by a thermal loading, except it is compressive rather
than expansive. Also, since the maximum plastic strain is a function of the critical
temperature, further increases in temperature beyond the critical temperature will
have no significant impact on the plastic strain.
The residual strain, e* which remains upon the cooling or plastic unloading process
is the subtraction of the elastic strain from the maximum plastic strain produced
during thermal loading, [see Figure 2-3].
E* EPm - e (2.14)
When only the elastic strain is considered,
Ee =--yD + (2.15)
aK ED
where the first term accounts for the effects of the plate and the second term deals
with the effects of the disk. By substituting equations 2.13 and 2.15 into 2.14, the
result is
c* =-aTc + yD ( + EVD (2.16)
aK ED
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Figure 2-3: Idealized stress-strain loading diagram for the line heating process.
Physically, the line heating process can be represented by Figure 2-3. When
heated, the material first experiences an elastic response. This response is illustrated
by process line A. With further heating, the material properties change in a local
region near the heat source. The material becomes less resistant to loads and enters
a plastic regime in which large deformations occur. The material outside the plastic
region, which retains much of its strength, pushes on the plastic region. The plastic
deformations are denoted by process line B in Figure 2-3. The plastic strains are a
function of the thermal expansion coefficient and critical temperature, both of which
are properties inherent to a specific material. For mild steel, Jang assumes that the
critical temperature Tc is 8700C [7]. Finally, when the heat source is removed, the
effects of the plastic strain remain while the elastic strain is removed, resulting in the
residual strain. This effect is shown by process line C in Figure 2-3. The deformation
of the affected zone can be thought of as a gap surrounding the disk, as shown in
Figure 2-4, as the material contracts uniformly.
It should be noted that the value of the calculated residual strain is constant for
any given material. The residual strain is only a function of material properties such
as Poisson's ratio and Young's modulus, behavior with temperature, and yield stress.
22
G A P
Figure 2-4: Equivalent gap of plastic region due to deformation.
Therefore, as long as the critical temperature and yield stress are attained during the
heating process, one value of residual strain exists for all heating conditions.
2.3.2 INHERENT STRAIN ZONE
The inherent strain zone is defined as the maximum region where peak temperature
is equal to or greater than the critical temperature where material strength becomes
minimal and is dependent on the heating conditions
On the plane perpendicular to the direction of the heat source, the Jang model
assumes a half-elliptical isothermal, and therefore, a plastic region, as illustrated in
Figure 2-5 [7]. This idealization is based on temperature distributions determined
analytically by Rosenthal's solution for an infinite plate with finite thickness and a
point heat source moving with constant speed without any heat loss [11]. Rosenthal's
solution for this case and others will be discussed in detail in Chapters 3 and 4.
9
Y
Figure 2-5: Assumed elliptical distribution of critical isothermal region and corre-
sponding dimensions. Adapted from [7].
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The isothermal region relevant to the calculation of the deformation due to heating
is the region which is bounded by the critical temperature and therefore bounds the
plastic region. The dimensions of the inherent strain zone are set by the maximum
breadth, b, and depth, d, of the region as illustrated in Figure 2-5. The assumed
elliptical distribution is given by
2 (z + 2
12 + =2 (2.17)
where the x-y plane is defined as the mid-plane of the plate with the z-axis directed
downward at the middle of the breadth of the inherent strain zone. The thickness of
the plate is denoted by the variable g.
The width of the inherent strain zone at any depth is required in the solution of
the angular deformation due to heating and is found by rearranging expression 2.17
to yield
bz = b 1 z+ (2.18)
where b, is the width of inherent strain zone at any location through the thickness.
As mentioned previously, the dimensions and shape of the inherent strain zone
are functions of the heating conditions, such as heat flux and heating source speed.
The relations between inherent strain zone size and heating parameters used by Jang
are based on the experimental results obtained by Satoh and Terasaki [13].
The relations are given by
b q
- = c (2.19)
g v g
d q (2.20)
9 V9
where
q=heat source strength (c)
v=heat source speed (mm)
g=plate thickness (mm)
c1=1.05
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c2=0.25
The values of the constants defined above can only be applied when the heat
source strength q is expressed in units of calories per second, the source speed v is in
units of millimeters per second, and the plate thickness is in units of millimeters.
The experiment conducted by Satoh and Terasaki is to establish the effect of
the size of the weldment on welding deformation in surface welding processes [13].
Therefore, it may not be appropriate to use the values of ci and c2 for the case of line
heating. A validation of the values of ci and c2 by means of experiment and analysis
is therefore necessary and is discussed in the chapter regarding modifications to the
model.
It should be noted that, if the values of the constants are known, then the value of
heat flux, which is normally difficult to quantify, can be determined using a measured
value of the angular deformation and applying Jang's method [7].
2.3.3 ANGULAR DEFORMATION
With the residual strain and the heating conditions known, the angular deformation
can be determined. If the assumption is made that a unit plate strip perpendicular to
the heating path behaves like a beam, then the solution of bending long rectangular
plates to a cylindrical surface by Timoshenko can be applied [15]. The moment which
causes the deformation is a result of the residual strain due to heating.
According to Hooke's law, residual strains due to the normal stresses a, and oU
acting on a differential strip of plate, illustrated in Figure 2-6a, 2-6b are
Ex = - v1 = 0 (2.21)E E
e = -y- - (2.22)
E E
The lateral residual strain in the x-direction must be zero for the reason that
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(a) (b) (c)
Figure 2-6: (a) Forces in a differential element of the plate (b) Normal stresses in a
slice through the plate thickness (c) Plate curvature.
continuity in the plate shape must be obtained in the plate during bending. With
this requirement, the relation that a. = va, results from expression 2.22 which can
be substituted into expression 2.21, yielding
e = -_v2 (1 v2)Y (2.23)
When the plate deflects due to the load, it assumes a radius of curvature about
an origin
dy = pd9 (2.24)
where p is the radius of curvature of the deflection. This length is the original elemen-
tal length which existed throughout the thickness of the plate. The residual strain,
which is the ratio of the amount of deflection to the original length before loading, is
therefore
E zdO (2.25)dy
and with substitution of expression 2.24 becomes
e, = - (2.26)
p
When expression 2.23 is solved for o~, and the value of ey from equation 2.26 is
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substituted in, the resulting relation is
-Ez 1
Y= -2  (2.27)
The general expression for the magnitude of the moment which would be required
to cause the deflection and induce the stresses is the sum of the product of all of
the stresses and the distances from the neutral axis at which they act through the
thickness of the plate. The bending moment is obtained by integrating the product
of the bending stress a., and its distance from the neutral axis.
M = orzdz (2.28)
2
and, upon substitution of expression 2.27, the moment evaluates to
d-? z2 1 - Eg (2.29)
-a 1 - v2 p 12(1 - v 2) p
The maximum width of the inherent strain zone, b, and the angular deflection of
the plate in radians, 6, can be related by
b = p6 (2.30)
which is analogous to equation 2.24. Substitution of equation 2.29 in terms of the
curvature into equation 2.30 results in an expression for the angular deformation 6
(in radians) given by
12 (1 - v 2 ) M6 = -b - (2.31)
93 E
where 6 is defined graphically in Figure 2-7.
For the case where an inherent strain zone with variable width through the thick-
ness of the plate exists, the moment which causes deformation is a function of the
residual strain acting at its corresponding depth in the plate and width of the inherent
27
Figure 2-7: Angular deformation 6 in the y-z plane. Adapted from [7].
strain zone and is given by
M = Ee* 2i _-zdz (2.32)
2
The width of the inherent strain zone at any point through the thickness of the plate,
bz, is contained within the integral because it is a function of the depth, [see equation
2.18]. The value of the residual strain, c*, is given by equation 2.16.
Replacing the moment in equation 2.31 with expression 2.32 results in
-12(1 - v2 ) * -6= ] bzdz (2.33)
9 2
The angular deformation due to line heating is therefore the sum of the effects of
the residual strains acting through the inherent strain zone across the thickness of
the plate included within the depth of the inherent strain zone.
The actual value of the angular deformation is obtained by simply evaluating the
integral in equation 2.33. Depending on the heating conditions however, the solution
of the integral can be one of two forms.
With a low heat input, the depth of the inherent strain zone is less than the
thickness of the plate and the bounds of integration are set by the maximum depth
of the inherent strain zone. The limits of integration are from -q to d - ', using2 2'
a coordinate system shown in Figure 2-5. With these bounds on the integral, the
solution becomes
6 = E*bd 2d - -g (2.34)
9 whn t
and when the expressions relating inherent strain zone size and heating conditions
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are applied, the result is
J = -2 (1 - v2) c1 * 2 c2q 3 C2  (2.35)
ogi og2 4 vgq
At a certain value of heat input, the depth of the inherent strain zone equals the
thickness of the plate. For this condition, and all conditions with higher values of
heat input where the depth of the assumed elliptical inherent strain zone projects
beyond the plate thickness, the limits of integration for expression 2.33 become -2
to , or across the entire thickness of the plate and the solution becomes2'
6 2 (1v2)e*bd -2d(1 - 1q- 1 + sin
(2.36)
and again, when expressions relating inherent strain zone size and heating conditions
are used, the result is
= -2 (1 v2) *ci -2 c2q) 1 _ I Vo g 2 -og [k vg2J [ k.c 2 ) ) J
2 q vg 2 (CA2 2 2 1(g
3C2 q Vg2 2 + sin_' (2.37)
2 vg 2 c2 q c2q c2
The solutions for the two cases are equivalent when the depth of the inherent
strain zone equals the thickness of the plate, which, with reference to equation 2.20,
occurs when q 1 = 4. The solutions can therefore be plotted continuously with
the heating parameter V as shown in Figure 2-8. From the figure, it can be seen that
there is a maximum angular deformation which occurs when the depth of the inherent
strain zone is still less than the thickness of the plate. This maximum deformation
corresponds to a value of the heating parameter q of 9' . For values of the heatingvg2  40C2
parameter greater than this value, the plate is defined to be overheated. That is, more
energy is being used than is required to obtain angular deformations in this region.
Since the maximum dimensions of the inherent strain zone are related to the heating
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Figure 2-8: Angular deformation as a function of heating conditions with * =
-. 007674.
parameter q by constants in Jang's model, the response of the angular deformation
to values of q in equations 2.35 and 2.37 is fixed and is only dependent on the values
of residual strain E*, Poisson's ratio of the material v, and the values of the constants
ci and c2 . Therefore, the maximum value of angular deformation is independent of
the heating parameter and is given as
c1 r 81
6 MAX 1 - V2 1  w 81 (2.38)F 40 200
where 6 is in radians, ci and c2 are as in equation 2.19 and 2.20, and E* is given in
equation 2.16.
2.3.4 EQUIVALENT FORCES
The strains which result in the angular deformation of a plate from line heating can
also be expressed by equivalent nodal forces which act as in Figure 2-9 [7]. These
equivalent forces result from the compressive forces due to shrinkage of the inherent
strain zone upon cooling and can be determined from integration of inherent strains.
Since the inherent strain zone is assumed to have an elliptical distribution, the effects
of the strains are represented by both a transverse moment and shrinkage force, which
act perpendicular to the heating line. Similarly, the strains also create an equivalent
longitudinal bending moment and shrinkage force which act parallel to the direction
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yFigure 2-9: Distribution of equivalent nodal forces due to line heating. Adapted from
[7].
of the heating line.
EQUIVALENT TRANSVERSE FORCES
Transverse bending moments and shrinkage forces along the heating line result from
integration of inherent strains with respect to a unit longitudinal section [7]. The
transverse bending moment per unit length m. (N in SI units) is given by
m = EE* [z zdz = E*d (2.39)
- blo Z ZE I3 8
where the expression for bz from equation 2.18 is used. The transverse shrinkage force
per unit length fy ( in SI units) is given by
d-E 22 b7
f=2E* b* dz = E* d (2.40)
-? bz=o 424
when the depth of the inherent strain zone is less than the thickness of the plate. Like
the solution for the angular deformation however, two solutions of both the equivalent
transverse bending moment and shrinkage force exist. Therefore, when the depth of
the inherent strain zone exceeds the thickness, the bounds of integration change to
include the entire plate thickness and the solution of the transverse bending moment
per unit length becomes
MY= EE*d d 1 2 2 - 1) - V1 - (I)+ sin-' (2.41)
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and the transverse shrinkage force becomes
y 2Ef* bZdz = Efd 1 +-Isin-2dd (2.42)
Because the transverse bending moment and shrinkage forces are a result of the
inherent strains, they are assumed to act along the edge of the inherent strain zone.
It should be noted that the transverse equivalent nodal forces are only dependent
on the breadth of the inherent strain zone only as far as defining the shape of the
distribution.
EQUIVALENT LONGITUDINAL FORCES
The equivalent longitudinal bending moment and shrinkage forces which act along
the heating line result from the integration of inherent strains with respect to a unit
transverse section perpendicular to the heating line [7].
When the depth of the inherent strain zone is less than the plate thickness, the
longitudinal bending moment (Nm in SI units) is expressed as
M = 2 E (1 - v) E*bzzdz = E (1 - v) E*bd - .1)
and the longitudinal shrinkage force (N in SI units) is given by
F= E (1 -v) *bzdz = E (1 -V) E* bd
-4
(2.43)
(2.44)
When the depth of the inherent strain zone is greater than the
the longitudinal bending moment becomes
MXf 2
2
plate thickness,
E (1 - v) E*bzzdz = E (1 - v) f*bd _- 1 - 2 1
-q- 1 - (g + sin- - (2.45)
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and the longitudinal shrinkage force becomes
Fx = E (1 -v) E*bzdz = E (1 -v)E* bd g 1 - +sin (2.46)
-2 2 [d ±s d
Within the inherent strain zone, the longitudinal bending moments and shrinkage
forces cancel. Therefore, the moments and forces only act at the ends of the plate and
are the total reaction. Because the equivalent longitudinal forces cancel within the
inherent strain zone and because they act perpendicularly to the heating path and are
therefore affected by Poisson's ratio, the total relative longitudinal forces are much
lower than the transverse forces. Therefore, while angular deformation occurs in both
the transverse and longitudinal directions, the transverse deformation is dominant.
Like the angular deformation, the solution of the theoretical equivalent forces is
continuous when the depth of the inherent strain zone becomes greater than the
thickness of the plate. Figures 2-10a to 2-10d show the response of the equivalent
nodal forces with the depth of the inherent strain zone for a breadth of 1 [mm] and a
plate thickness of 5[mm]. The depth is used as the independent parameter instead of
the heating parameter q because the depth most directly affects the solution while
it is also a reflection of the heating condition.
It should be noted that all nodal forces remain either positive or negative for
all depths, except for the longitudinal moment, which changes sign when the depth
becomes large enough. This depth occurs in the region when the depth of the inherent
strain zone exceeds the thickness of the plate.
33
< 106
6000 0
1000 . . . ...
00 000 001 0.015 -10 0.05 0.01 0.0 15
d (m) d (mn)
(a) (b)
1 10 0 <10
1 .4. .. .. . . ...... .. ... . . .... ...
.---E
-3 -
-
-
-
-.-.- 
-.- 
-
-
-
-
-
-
-
-
-
--.- 
--.-.- 
-
--.- 
--.- 
--.- 
-.-.-.-
-1.5----- -. ------..... --------... -.- --.---.-.
0 0.005 0.01 0.015 0 0.005 0.01 0.015
d (m) d (M)
(c) (d)
Figure 2-10: Effect of depth on the solution of (a) transverse moment, (b) transverse
force, (c) longitudinal moment, and (d) longitudinal force.
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Chapter 3
ROSENTHAL'S SOLUTION FOR
MOVING HEAT SOURCES
3.1 INTRODUCTION
One of the major difficulties in the prediction of deformation in plates by line heating
is establishing the quantity of heat absorbed by a plate. A method which can be
applied to this problem is Rosenthal's solution of temperature distribution in a plate
with a moving heat source [11].
Rosenthal's solution provides a temperature distribution in a plate being heated
by a moving heat source. Rosenthal discusses the solutions of the heat equation for
one-dimensional, two-dimensional, as well as three-dimensional cases. In his two-
dimensional model, he presents the case of infinite, thin plates with surface heat
losses and no temperature gradient in the vertical direction. He also analyzes the
case when infinite, thin plates have a variable strength in the vertical direction, but
without accounting for surface heat losses. In the three-dimensional model, the solid
is bounded by the horizontal planes z = 0 and z = g, which represent the surfaces of
the solid, with a point heat source at z = 0. Since the method of images is applied
in the derivation, the surface heat loss is not included.
Rosenthal makes three major assumptions which affect the solution of the tem-
perature distribution. Rosenthal first assumes that the physical characteristics of
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the heated material are independent of temperature. The relevant physical charac-
teristics in the model are the heat conductivity and the thermal diffusivity of the
material. The second major assumption is that the speed of the moving heat source
and the rate of heat input to the material are constant. When the heat source speed
and the heat flux are considered constant, the third assumption of a quasi-stationary
heat flow can be made. In a quasi-stationary heat flow state, while the temperature
distribution is not constant with respect to a fixed coordinate system on the heated
solid, it does remain constant with respect to a position on the moving heat source.
This assumption is valid when the solid is long enough for a given heating condition
for the quasi-stationary state to exist.
The rectangular coordinate system fixed on the solid is shown in Figure 3-1a. The
heat source moves with speed v along the x-axis and the thickness is along the z-axis.
When a quasi-stationary heat flow is applied, the coordinate system origin moves
with the heat source. The distance from the point source along the x-axis is defined
as ( = x - vt where t equals the time the source has been moving on the plate. The
heat source-fixed coordinate system is shown in Figure 3-1b.
HEAT SOURCE AT SOURCE
y HEATING LINE HEATING LINE
zy
(a) (b)
Figure 3-1: (a) Plate-fixed coordinate system (b) Heat source-fixed coordinate system.
The solution of the temperature distribution of a moving heat source with two-
dimensional heat flow, where there is no heat flow through the thickness, as given by
Rosenthal is presented in three ways [11]. The first solution is the most fundamental,
where the linear source of constant strength through the thickness is applied without
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any surface heat losses. The second solution accounts for the effects of surface heat
losses, but only for a thin plate where the temperature gradient across the thick-
ness can be neglected. The third solution applies a linear source of variable strength
through the thickness but does not account for the surface heat losses. With the ad-
dition of a variable strength heat source, the temperature distribution varies through
the thickness of the plate, effectively turning the two-dimensional heat flow solution
into a three-dimensional solution.
Further improvements are made in this work to the third solution which increase
the accuracy of the solution. The first modification is the incorporation of the effects
of surface heat losses to the solution with a source of variable strength. The second
adaptation is the redistribution of the single point source into a distributed source
with an equivalent total heat flux. These modifications are described in Chapter 4.
3.2 GENERAL SOLUTION OF A QUASI-
STATIONARY HEAT SOURCE
Following on Rosenthal [11], the partial differential equation of heat flow in a solid
can be expressed in the rectangular coordinates (x, y, z) as
82T 82T 82 T &
± + 2 + 2 =2A - (3.1)Bz2 5y-2 + z a5t
where 1/2A is the thermal diffusivity of the metal (M in SI units) and can be expressed
by
2A = (3.2)
k
where k is the heat conductivity of the metal ( in SI units), c, is the specific heat
in SI units), and p is the density (1 in SI units).
The coordinate transformation of (= x - vt introduced into the heat flow partial
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differential equation of expression 3.1 results in
a 2 T a 2T a 2T aT aT
O(2 + 2 + z2 = -2Av + 2A (3.3)
In the moving coordinate system, the quasi-stationary heat flow condition implies
that the temperature remains constant with time, ! = 0, yielding
02T 02T a2T aT
2 + 2 + z= -2Av (3.4)0 y   19Z 2
Equation 3.4 can be simplified by putting
T = To + e-AvI (C y, z) (3.5)
where To equals the initial temperature of the plate before heating and W is a function
to be determined. When equation 3.5 is substituted into equation 3.4, the result is
a2W 92 236 2
S+y 2 + z 2  (Av) = 0 (3.6)
or symbolically
V 2 - (Av)2 W = 0 (3.7)
3.3 LINEAR SOURCE, CONSTANT STRENGTH
HEAT SOURCE
When the heat flux is considered constant across the thickness of a plate, heat flows
only in two dimensions. Rosenthal defines these dimensions to be the i-axis and the
y-axis as defined by Figure 3-1b. Since the heat flux is constant through the plate
thickness, the resultant temperature distribution is also constant across the thickness
and the only effect of the thickness on the solution is the distribution of the total heat
flux across the plate and therefore the magnitude of the temperature distribution.
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3.3.1 SOLUTION DERIVATION
According to Rosenthal [11], since heat flows in only two directions and the temper-
ature distribution is constant across the thickness, equation 3.6 simplifies to
a2~ (P P 2V=
-+ 2 - (Av) 2 p = 0 (3.8)
In the case of a plate with infinite dimensions in the x and y directions, the
temperature change approaches zero far from the heat source.
-- as -- +oo (3.9)
OT
-- +0 as y - oo (3.10)
ay
When a circle of circumference 27rr around the heat source is considered with the
radial distance from the point source defined as r =v/Z2 + yz,
-- 27rrk -- q' as r -+ 0 (3.11)
Dr
where q' is the rate of heat flux per unit length through the plate thickness for a
linearly distributed heat source (.1 in SI units) and, for a constant strength heat
source, is the ratio of the total heat q to the thickness g.
Because of the symmetrical form of equation 3.8 with respect to and y, and the
nature of the boundary conditions, V is a function of radial distance from the heat
source only and equation 3.8 can be expressed in cylindrical coordinates as
Ia r- r + 1 ± - (Av) 2 p = 0 (3.12)
ror or r 2 Dg2
and since p is independent of the angular coordinate 0, equation 3.12 reduces to
1 D /9 2c'I ar - (Av) 2  = 0 (3.13)
r Br ( (r)
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or
d2p 1dy
+ I _(Av)2 = 0 (3.14)dr 2  r dr
The solution of equation 3.14 is the modified Bessel function of the second kind
and zero order (Ko (Avr)) [5][11] and is given by
W = c1Ko (Avr) (3.15)
This Bessel function behaves like -in (r) as r approaches zero [5] which implies that
the product of the radial distance and the derivative of Ko (Avr) with respect to
the radial distance approaches a constant value as r approaches zero. This behavior
satisfies the boundary condition imposed by expression 3.11. As the radial distance
approaches oo, the Bessel function behaves as 72-;e Avr, which satisfies boundary
conditions in expressions 3.9 and 3.10.
By combining equations 3.5, 3.15, and the boundary conditions, the solution for
two-dimensional heat flow with a constant strength heat source is
T - To = q e-AtKo (Avr) (3.16)
27rk
3.3.2 SOLUTION BEHAVIOR
If a point along the heating path is considered, the behavior of the solution can be
analyzed. When the heat source is far from the point, for ( > 0, the exponential
term is less than unity and the Bessel function is relatively small, resulting in a
negligible temperature increase. As the source approaches the point, the exponential
term increases, reaching unity when the heat source reaches the point. Similarly,
the value of the Bessel function increases as the radial distance decreases, becoming
singular at r = 0. When the heat source reaches the point, the point attains the
greatest temperature change. As the heat source continues past the point, the value
of ( becomes negative and the exponential term therefore continues to increase above
unity. The value of the Bessel function, however, decreases and the overall effect is a
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temperature decrease. While the temperature at the point decreases, it does so at a
rate lower in magnitude than that as it increased as the heat source approached the
point so the rise in temperature in front of the heat source is steeper than the fall of the
temperature behind the source. This effect of the heat source passing the point can be
thought of as a 'heat wake' left behind by the source and is illustrated in Figure 3-2 for
a heat flux of 680 moving at 2 . over a 6.35[mm] thick plate at a point 2[mm] off
of the heating line. It should be noted that there are 4.1868 Joules for one calorie. The
value of the specific heat is 831.45 , the heat conductivity is 33.32 [ , and the
density is assumed to be 7800 which result in a thermal diffusivity of 97319 2.
These values are used consistently for all calculations. The temperature in this and
subsequent temperature histories, as well as subsequent temperature distributions, is
expressed in degrees Celsius. The maximum temperature for points along the heating
line is attained when the source is directly above the point. However, as transverse
distance from the heating line increases, the time at which the maximum temperature
occurs is delayed. This time lag is a result of the finite speed of heat flow in metals.
700 .- .......................................
200-
1-00-- - -
Ir
s00 10. 1..
0
105 0 5
TIME (s)
Figure 3-2: Temperature time history of a point on the upper surface on the heating
line with a constant strength heat source.
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3.4 CONSTANT STRENGTH HEAT SOURCE,
SURFACE LOSSES
An improvement in the accuracy of the constant strength heat source solution is the
addition of the effects of surface heat losses. This solution would be most applicable to
the case of a thin plate relative to heating conditions, where the temperature gradient
through the thickness of the plate is negligible.
3.4.1 SOLUTION DERIVATION
When Newton's law of radiation is applied, the rate of heat loss through a unit surface
area is proportional to the temperature increase of the surface. Although the heat loss
coefficient (m in SI units) is dependent on temperature, the dependence is weak,
and will therefore be assumed to be constant. The heat dissipation ratio H is defined
to be the ratio of the heat loss coefficient h to the heat conductivity of the material
k, or
h
H =- (3.17)k
and can be different for the upper and lower surfaces of the plate. When the heat
dissipation ratios for the surfaces of the plate are applied to equation 3.6 [11], with a
transformation into cylindrical coordinates, the result is
02 p 1 __ 2 Hu__+_HL2 + (Av)  + + = 0 (3.18)
ar 2  r r g
The solution is of the same type as that without heat losses and results in
T - To [ q eAV Ko (Av)2 + Hu + r] (3.19)2xKkg g
3.4.2 SOLUTION BEHAVIOR
When again, a single point along the heating path is considered, the behavior of
the solution with heat losses is similar to the previous solution without heat losses.
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However, the value of the Bessel function term is always smaller when the heat losses
are applied, resulting in a lower temperature change, except when the point is at the
heat source, which occurs when r = 0, and the solution becomes singular. The effects
of the surface heat losses on the solution of a heat source of constant strength can be
analyzed by comparing the temperature time histories and temperature distributions
for both solutions. Figures 3-3a and 3-3b show the temperature time histories for an
identical point 2[mm] from the heating line on the upper surface of a plate for both
solutions with a heat source speed of 2 [!M, a plate thickness of 6.35[mm], and a
heat flux of 680 . The value of the convection coefficient on the top of the plate is
10 and is 5[mwY] on the bottom of the plate. These same values are used to
make Figures 3-4a, and 3-4b , which show the temperature distributions in the (-y
plane for both solutions. It should be noted that the effects of heat loss are minimal,
the reasons of which will be discussed later.
With reference to equation 3.19, it is evident that the temperature change at a
point is directly proportional to the heat flux q. Therefore, the shape of the isotherms
in the temperature distributions in Figure 3-4 are independent of the magnitude of
the heat flux. A given isotherm will just assume a different magnitude corresponding
to the change in the heat flux. The shapes of the isotherms are affected by the heat
source speed however. As the source speed increases, the isotherms become narrower
in the y direction and shorter in the direction. The time delay of the maximum
temperature in lines parallel to the heating line increase because of the narrower
temperature distribution.
3.5 VARIABLE STRENGTH SOURCE, NO SUR-
FACE LOSSES
The solution of a moving source with a constant strength through the thickness with
surface losses can not be applied directly to the line heating problem since it is the
temperature gradient through the plate thickness that causes angular deformations.
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Figure 3-3: Temperature time history for a point on the upper surface on the heating
line with a constant strength heat source (a) without heat loss and (b) with heat loss.
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Figure 3-4: Temperature distribution in the (-y plane on the upper surface with a
constant strength heat source (a) without heat loss and (b) with heat loss.
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The effect of temperature gradient can be accounted for by allowing for a variable
strength heat source.
3.5.1 SOLUTION DERIVATION
According to Rosenthal [11], instead of the rate of heat flux per unit thickness being
the ratio of the total heat flux to the thickness, the variable strength source can be
represented by a function q'(z) in a Fourier cosine series between z = 0 and z = g, or
q' (z) =q' (0) Ancosrnz (3.20)
n=0 9
where q' (0) is the heat flux per unit thickness at the surface of the heat source
application and N is a fixed positive integer. Since q' (z) is a function of z, the
assumption that was made for the case of a constant strength source that the value
of V in equation 3.15 is only a function of the radial distance from the source is no
longer valid and equation 3.14 must be modified by adding the second derivative with
respect to z
a2V a2V a )V2 + r + r r (Av) (3.21)0Z2  iOr2  r ar
If the method of separation of variables is applied, the function V can be expressed
as a function of the depth and the radial distance from the source, or
V = Z (z) R (r) (3.22)
Substituting equation 3.22 into equation 3.21 results in
d2Z do2 R ld R
R + Z ( + (Av)2R) = 0 (3.23)
dz 2  dr 2  r dr
which can be rearranged to become
1 d2 Z 1 (d 2R l dR
Z dz2  I dr2 + (Av)R = c2  (3.24)Z 2 ~R dr2 r dr
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where c2 is a constant to be determined by using the boundary conditions. The two
ordinary differential equations which result from expression 3.24 are
d +2
dz2 +cZ=0(3.25)
d2R ldR
dr2 + dr ((Av) 2 + c2) R = 0 (3.26)
The solution of equation 3.26 has the form of the Bessel function of the second kind
and zero order, where the value of c still must be determined. The value of c is found
through the solution of equation 3.25. The general solution of equation 3.25 has the
form
Z = A' cos (cz) + B sin (cz) (3.27)
Taking the derivative with respect to z yields
dZ
- = -A'c sin (cz) + Bc cos (cz) (3.28)dz
On the upper and lower surfaces of the plate, the function Z does not change with
respect to z. These boundary conditions are applied to equation 3.28 through sub-
stitution. On the upper surface of the plate, where z = 0 as in Figure 3-1,
dZ
-|z=0 = Bc = 0 (3.29)dz
and on the lower surface, since B = 0,
dZ - -A'c sin (cg) = 0 (3.30)
dz z=9
The solution for c is therefore given by
c = for n =1, 2, ... N (3.31)
9
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The solution given in equation 3.27 is therefore periodic and has the form
Zn = A' cos (7Tz (3.32)
With the value of cn known, equation 3.26, with a value of Rn corresponding to each
value of cn, becomes
d2 R 1 ld Rn n2 ( 2\
2 + (Av)2 + 2 R = 0 (3.33)
dr r dr g
the solution of which is
Rn = Ko (Av)2 + n(2 r (3.34)
With reference to equation 3.22, the solution for p is therefore
Sen = A' cos z Ko (Av) 2 + (7) r (3.35)
When the substitution of the expression for Wn is made into equation 3.5, the result
is
Tn - To = e-AvA' cos (?2Lz Ko (Av) 2 + (ii) r (3.36)
Since the governing equation is a linear differential equation, superposition applies
and equation 3.36 therefore becomes
-A N s(rz 2+ n,)2
T - To = eA" A' cos ( K (Av) 2 + r (3.37)
n=0 9 ( \9
The A' coefficients found in the expression for the temperature change at a point are
not the same as the An coefficients found in the Fourier series representation of the
heat flux distribution of equation 3.20. Since it is easier to obtain the values of the
coefficients in the heat flux distribution, the coefficients in each equation are related.
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This relation is accomplished by applying the boundary condition given by equation
3.11. However, since a variable strength source exists, the boundary condition must
be rewritten as
OT
-- 27rrk -+ q' (z) as r -+ 0 (3.38)9r
The derivative, with respect to r, of the expression for the temperature change at a
point given in equation 3.37 is
8T N n7r z) K0
-- = eAV E A' cos -z K (3.39)
When this expression is substituted into the boundary condition of equation 3.38, the
result is
OT N 7 K 3o.4027rrk = -e~A\v27rk E A' cos r = q' (z)(3.40)
Or n=0 g
The Bessel function of the second kind and zero order becomes infinite as its argu-
ment approaches zero. Since the argument of the function is directly proportional
to the radial distance from the source, as r approaches zero, the Bessel function be-
comes infinite and therefore the derivative also becomes infinite. The product of the
derivative of the Bessel function and the radial distance from the source found in
equation 3.40 in the limit as r approaches zero can therefore be shown to be -1 [11].
The exponential term also approaches unity since ( must equal zero when r equals
zero, resulting in
N N
27rk E A' Cos (--z) q' (0) f An COS -- Z (3.41)
n=0 9 n=0 (9
For each coefficient therefore,
A' = An (3.42)
n 27rk
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The substitution of the relation between the coefficients into the expression for the
temperature change yields
T - TO = e" An cos ( z) Ko (Av) 2 + (f!1) r (3.43)
where the An coefficients are those which defined the heat flux distribution through
the thickness of the plate in equation 3.20.
3.5.2 SOLUTION BEHAVIOR
By comparing equations 3.16 and 3.43, it can be seen that the solutions are equivalent
when n = 0 in equation 3.43, except for the magnitudes in q' and the effect of the
A0 coefficient. The remaining terms in the summation of equation 3.43 are therefore
those which increase or decrease the value of the temperature change and represent
the major influence of the thickness and the corresponding variable strength heat
source.
Two important notes must be made regarding the response of the solution to
depth and the summation. The first is that, on the surface of the plate on which the
heat source is concentrated, where z = 0, all terms in the summation are positive and
therefore additive. On the opposite surface of the plate, where z = g, the terms in the
summation alternate between being positive and negative. Because each successive
term is lower in magnitude than the previous term, the overall effect is a decrease in
the temperature change from the steady, A0 term at the bottom of the plate. The
solution therefore accurately reflects the condition that the upper surface of the plate
will experience a greater increase in temperature than the lower surface of the plate.
The second note on the response of the solution is with respect to the relative
importance of the terms in the summation. As the value of N increases, the value of
the argument of the Bessel function increases. Since the value of the Bessel function
drops rapidly as the value of the argument increases, the influence of successive terms
drops rapidly as well. This effect is so profound that, in practice, only the first two
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terms in the summation have a significant impact on the value of the temperature
change, except near the singularity.
Figures 3-5a and 3-5b demonstrate the effect of the thickness on the temperature
in a plate. For a total heat flux of 680 , a heat source speed of 2 [ and a plate
thickness of 6.35[mm], Figure 3-5a shows the temperature time history for a point on
the upper surface of the plate, 2[mm] from the heating line, while Figure 3-5b shows
the corresponding temperature time history for the corresponding point on the lower
surface.
1200 ............................ ............. ...... - 1200 . .......................................
1 0 000 - --........-- - - - - -- - - - - - -.-- - - - - - - -. 00 -.- -.-.-- - -..- -
6 0 0 -- - - --- - - -- ---- --- - -- -- ---------------- 6 0 0 --- -- - --- --- --- -- --- - ----- . . .------- ---
2 0 0 - - - ---- -----.-  - -.-- - --- --- - - 0 -
0 0
00 50 1 1 0 1 1
TIME (s) TIME (s)
(a) (b)
Figure 3-5: Temperature time history of a point on the heating line with a variable
strength heat source (a) on the upper surface and (b) on the lower surface.
It should be noted that, while the magnitude of the temperature increase is lower
on the bottom surface of the plate, a singular solution still exists when the heat source
passes exactly above the point.
For the same heating conditions described above, Figures 3-6a and 3-6b reflect
the influence of the variable source strength on the temperature distribution in cross
sections of the plate in the (-y plane at z =- 0 and z = g, respectively.
Since three dimensions are involved in the solution given by equation 3.43, cross
sections of the plate can also be made in the (-z and y-z planes for a complete graph-
ical illustration of the temperature distribution. These sections are compared with
their corresponding distributions with constant strength heat sources in Figures 3-7
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Figure 3-6: Temperature distribution in the (-y plane with a variable strength heat
source (a) on the upper surface and (b) on the lower surface.
and 3-8.
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Figure 3-7: Temperature distribution in the (-z plane along the heating line (a) for
a constant strength heat source and (b) a variable strength heat source.
For the same heating conditions, the temperature at any point will be greater for a
thinner plate and an isotherm will cover a larger area. Consequently, the temperature
gradient and therefore the temperature fall in the temperature history of a point is less
pronounced in a thinner plate. While the temperature increases in a thinner plate, the
delay in the time from when the heat source passes the points in a plane perpendicular
to the heating line to when these points achieve their maximum temperature increases
in a thinner plate. This response is attributed to the smaller cross section of the plate,
which acts as resistance to the heat flow [10].
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Figure 3-8: Temperature distribution in the y-z plane under the heat source (a) for
a constant strength heat source and (b) a variable strength heat source.
3.5.3 CALCULATION OF An COEFFICIENTS
In order to solve for the coefficients in the Fourier series representation [5] of the heat
flux distribution, the actual distribution must be defined. It is assumed that, in the
actual line heating process, all of the heat applied to the plate is concentrated on the
upper surface. This distribution can be modeled as the triangular distribution shown
in Figure 3-9. The heat flux is concentrated near the upper surface and decreases
linearly from a peak value of q' (0) at the plate surface to 0 at a depth of c, which
is a fraction of the thickness. The value of q'(0) in a triangular distribution is given
by 7. The triangular distribution provides a reasonable approximation to the actual
heat flux distribution while keeping the required number of terms relatively low. As
the value of c decreases, the accuracy of the heat flux representation increases, but
the number of terms required also increases because the number of terms required is
+1.
CC
Vz
Figure 3-9: Triangular heat flux distribution.
The coefficients in a Fourier series representation are normally found using a di-
rect application of the function to be modeled. However, because the function q' (z)
requires at least two points to define the non-zero portion of the function accurately,
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and since the function is only non-zero over a small region of the thickness, a relatively
large number of coefficients is required. In order to reduce the number of required
terms while maintaining the degree of accuracy as the direct application of the func-
tion, the integrated value of q'(z) across the thickness, or the total heat, q, can be
used. In order to find the coefficients of the Fourier representation by integration,
both sides of the assumed distribution in equation 3.20 are multiplied by cos z),
where m = 0.. .N, and integrated across the thickness, resulting in
I9 =g Zm) I N 9~ (n\r (!M?'
q' (z) cos -zdz = q' (0) ( An ] cos - cos -- z dz
0 9J n=0 9 9
(3.44)
Since the assumed distribution is known, the AO term can be factored out from the
summation as a constant. This factoring is done in order to avoid singularities which
would occur upon integration with n = 0, m = 0. The AO term is given by c/2 and
factoring results in
19 m 7TZ Nfq' (z) Cos -z dz =_ q'1 (0) 1: An foCos
o 9 n=1 o
+19 q' (0) iCos0 2
(zr Z cos 
-z dz
9 m 934
-nFz dz 'm = 1, 2,7...N (3.45)
g
For convenience, the various components of equation 3.45 are given designations and
evaluated individually. The left hand side of equation 3.45 is defined as
LHS = j q' (z) cos - dz m=1,2,...N
The summation on the right hand side of equation 3.45 is given by
N rg /r lM7 dRHSA = q' (0) ( An]0 cos (-z) cos (z dz
n=1 \g g
m = 1, 2, ...N
and the constant term on the right hand side of equation 3.45 is defined as
RHSB=9 ' (0) E Cos M7 dzfo 2 g
m = 1,2, ...N
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(3.46)
(3.47)
(3.48)
The triangular distribution with depth e is defined by
q' (z) = {q'(0) (1-i)
0
and when substituted into equation 3.46 yields
LHS = q' (0) JE (1 cos z dz
which equates to
LHS = q' (0) [cos dz - z cos (-z dzl0 \g J (3.51)
The first term in the right hand side of equation 3.51 equates to
g sin M
mir \ g
(3.52)
and the second term in right hand side, when evaluated by the method of integration
by parts, becomes
sin MITE
g ) cos (3.53)
The entire left hand side of the equation is therefore
LHSm q' (0) (_) [cos (T7 m = 1, 2, ...N
Equation 3.47 must be divided into the cases when m , n and when m = n
because of the behavior of the cosine terms. When m :A n, a trigonometric identity
must be applied as a substitution. When the identity
cos ( (n - m) rz)
\ 9 )
= cos z) cos + sin ( n z)
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(3.49)
(3.50)
(3.54)
sin mgz
g ) (3.55)
0 < z < f
- ZE)
+ (g 
2
- 11
- 11
is added to the identity
((n + m) rz no r ( ,,)
9 s 9
the sine terms cancel, leaving
Cos (n - m) rz)
9
and therefore
o (n7rz
co -
+ Cos(n + m) rz)
9
(mirz)Cos -
g 9
= 2cos (nz
(9
=- (cos ((n - m) 7rz)2 g
cos
m7rz
9 )
+ Cos ((n + m)7rz+ cos
This result can be applied to the summation in equation 3.47, yielding
RHSA - q' (0)
2 n=1
which equates to
An [I cos ((n -rm wz) dz +
o g Jocos ((ndz g )7z z
RHSA - q'(0)
2 An 9 sin (( - m) 7r + 9 sin ((n +m) 7r)I(n - m) nr (n + m)7r I
(3.60)
Since n and m are always integer values, the sine terms are always zero so RHSA is
always zero.
When n = m, the summation of the equation 3.47 becomes
N
RHSA =q' (0) E
n=1
An cos 2 (?Td mzg (3.61)
which is equivalent to
RH SA=q' (0) ZAn jg1 + cos 2 m7rz)) dzRHSA - 2n=1 (3.62)
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(m rz - sin ( n7rz)
9
sin (mrz
9 ) (3.56)
(3.57)
(3.58)
(3.59)
which evaluates to
RHSA=q'(0) An -
n=1 \2
+ 9 s 2mrg
4mgr \ g
(3.63)
The sine term is zero for all m, leaving only g/2. The integral of the constant term
in equation 3.48, corresponding to the AO coefficient is
- q' (0) 6 sRHSB 2 sin (mr) (3.64)
which is zero for all values of m. The right hand side of equation 3.45 is therefore
only non-zero when n = m and is given as
RHS = q'(0) Am 2 (3.65)
The results of the evaluation of equation 3.45 yields N equations of the form
q'(0) Am = LHSm2
with the value of Ao set constant as e/2.
Therefore,
2LHSmAm = gq, (0)
Consequently,
Am- 2gAm ( m ) 2
c (mn7r) [cos ___
for m = 1, 2,...N
for m = 1, 2, ...N
for m = 1, 2, ...N- 1]
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(3.66)
(3.67)
(3.68)
Chapter 4
MODIFIED MODELS
4.1 INTRODUCTION
Modifications can be made to the simplified mechanical model for estimating angular
deformation in a plate due to line heating presented in Chapter 2 in order to improve
accuracy of the solution. The estimation of deformation is based on the size of the in-
herent strain zone created during heating. In the mechanical model by Jang et al. [7],
the method for determining the dimensions of this zone is through an assumed linear
relationship between the inherent strain zone size and heating parameters. However,
these values can be obtained more accurately by an application of Rosenthal's solution
of the temperature distribution in a plate with a moving heat source [11]. Rosenthal's
solution can itself be modified in order to incorporate the effects of convective heat
losses and distributed heat sources.
4.2 MODIFICATIONS TO ROSENTHAL'S SO-
LUTION
Two major modifications are made in this work to Rosenthal's solution for the tem-
perature distribution for the case of a moving, linear heat source of variable strength.
The first is the addition of surface heat losses, which can be treated in two ways,
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dependent on the assumptions made about the surface conditions of the heated plate.
The values of heat loss coefficients are dependent on the temperature of the surface
of the plate, so different heat loss coefficients must be used for each surface because
the temperature of the plate on the surface of the source application is higher than
that on the lower surface. However, if the temperatures on both surfaces of the plates
are assumed to be similar in magnitude, the heat loss coefficients can be assumed to
be the same.
The second modification to Rosenthal's solution is the use of'a distributed heat
source or a distributed continuous heat source instead of a single point source. Dis-
tributing the total heat improves accuracy and reduces the effects of singularities
found in the solution.
4.2.1 VARIABLE STRENGTH HEAT SOURCE WITH SUR-
FACE LOSSES
While incorporating heat loss on the upper and lower surfaces of the heated plate
is typically a more realistic boundary condition for heating cases relevant to plate
bending through line heating than a condition without heat loss, the complexity of the
solution increases. This increase in complexity is mainly attributed to a larger number
of terms required in the Fourier series representation of the heat flux distribution.
Let us assume that the value of the heat transfer coefficient for the upper surface
of the plate, hu, is greater than the value of the heat transfer coefficient for the lower
surface of the plate, hL. To solve this problem, we note first that the governing
equation 3.6 remains the same in this case. However, the boundary conditions at the
surfaces of the plate incorporate the effect of different heat loss coefficients for each
surface as given below
dTk - h (T - To) at z =0 (4.1)dz
dTk - -hL (T-To) at z =g (4.2)dz
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where k is the thermal conductivity and hu > hL is assumed. The solution for the
temperature at any point is still of the assumed form of relation 3.5, where <p can be
expressed as two independent functions as in equation 3.22. These relations, when
the method of separation of variables is applied, still result in the ordinary differential
equations 3.25 and 3.26. The value of c in these equations is computed by application
of the boundary conditions in equations 4.1 and 4.2 to the assumed form of the
temperature change at any point, resulting in
ke-AvR (r) -= hueAVZ (z) R (r) at z = 0 (4.3)dz
and
dZ
ke-A\v R (r) = -hLe-'V Z (z) R (r) at z = g (4.4)
dz
which simplify to
dZ(0) Z (0) at z 0 (4.5)
dz k
dZ (0) _hL
d Z () -Z(g) at z = g (4.6)dz k
After the general solution of Z from the ordinary differential equation 3.25 and its
derivative are evaluated at points on the upper and lower surfaces of the plate, the
results are substituted into relations 4.5 and 4.6, respectively. On the upper surface
of the plate, z = 0, and
Bc = hu A (4.7)k
On the lower surface of the plate, z = g, and
-A'c sin (cg) + Bc cos (cg) = - (A' cos (cg) + B sin (cg)) (4.8)
When the result in relation 4.7 is substituted into 4.8 and simplified, the result is
tan (cg) - (hu + hL) kc (4.9)
huhL - k2C2
Figure 4-1 shows the two functions in the left and right hand sides of equa-
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tion 4.9 plotted simultaneously against the value c, when g = 1 [m], k = 10 M2K
hu = 10 [mw ], and hL = 0.2 [ -]. While these values are not typical and do not
correspond to any specific case, they are used so that the trends in the functions can
be easily seen. The tan(cg) is a periodic function, so multiple roots exist and while
there is no analytic solution for equation 4.9, roots can be determined numerically
by the method of bisection. Because of the rapid decay of the right hand term in
equation 4.9, the solution of the roots rapidly approaches the value of c, = -, which
is the solution for the case when there is no surface heat loss and tan (cg) = 0. As
the difference between the magnitudes of the heat transfer coefficients of each surface
increases, the maximum of the curve representing the right hand side of equation 4.9
moves upwards. The solutions for c, therefore shift to the right. As the value of
the heat conductivity, k, increases, the values of the right hand side of equation 4.9
decrease and the curve flattens, again resulting in a shift to the right of the values
of c,. As the thickness of the plate, g, decreases, the period of the tangent function
decreases with respect to c and the solutions shift to the right. It should be noted
that, while the functions intersect at c = 0, the root is a trivial solution and the
root corresponding to AO term in the Fourier series representation of the heat flux
distribution is the first non-zero root of c.
8
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Figure 4-1: Plot of the two functions in equation 4.9 used to solve for c, numerically.
With the values of ce solved for numerically, the solutions of equations 3.25 and
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3.26 expressed in terms of A' become
Zn = A' COS (cnz) + hu sin (cnz) (4.10)
Rn Ko [(Av)2 + c r] (4.11)
where Ko is the Bessel function of the second kind and zero order. For convenience,
a portion of the argument of the Bessel function in equation 4.11 is represented by
An so that
A_ = (Av) 2 + c2 (4.12)
When the expression for An in equation 4.12 and the solution of Rn in equation 4.11
are substituted into equation 3.22, the result is
p=A' [cos(cnz)+ h sin (cnz) Ko [Anr] (4.13)
The substitution of the result for o into the assumed form of the temperature at a
point given by expression 3.5 yields
T -o = e"AvA' cos (cnz) + h sin (cnz) Ko [Aar] (4.14)
The heat flux distribution is again assumed to be a triangular distribution with
a maximum magnitude at the surface of q' (0) which decreases linearly to q' = 0 at a
depth of E, where E is a fraction of the thickness. This triangular heat flux distribution
can be represented by a Fourier series of the assumed form
q' (z) = q' (0) ZAn cos (cnz) + U sin (cnz) (4.15)
where a trigonometric series involving cn is used for expedience of the analytical
solution. Since the representation of the heat flux distribution involves a summation
of terms, the solution for the temperature change at a point must also involve a
summation in order to be in accordance with the boundary condition that the product
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of the change in heat with respect to the distance and the conductivity for a small
region near the source is equal to the heat flux at that point, or
aT-27rrk -- q'(z) as r -+ 0 (4.16)1r
The expression for the temperature increase at a point with a summation of terms is
therefore
T~oe~~N [hh e T - To = - " A' COS (c z) + - sin (c z) K o [Aar] (4.17)
n=0 I9
While a constant term corresponding to the contribution of the temperature increase
when n = 0 is required to be factored from the summation for the case when the
convective heat transfer coefficients are equal on both surfaces of the plate, the first
term in equation 4.17 does not have to be factored because c, is always non-zero
and no singularities in the solution result. A relation exists between the values of
the A' coefficients of the expression for the increase of temperature at a point and
the An coefficients of the heat flux representation which can be determined with an
application of the boundary condition in expression 4.16. It is important to establish
this relation and express the temperature change at a point in terms of the coefficients
of the heat flux distribution because the values of the coefficients in the heat flux
distribution are relatively easy to solve. The derivative of the temperature change at
a point involving a summation with respect to the radial distance from the source is
OT N Fh 1
- e-A"I N A' cos (cz) + _ sin (cz) o (4.18)
dr [_n cak Or
which can be substituted into the boundary condition in expression 4.16 to yield
N I 1 OK
--e-A\v2,k ZA' cos (cnz) + hy sin (c z) r q' (z) as r -+ 0
n=0 . cnk nr
(4.19)
The Bessel function of the second kind and zero order, which behaves like the neg-
ative of the natural logarithm as its argument approaches zero, approaches infinity
for this condition. Therefore, the derivative of the function with respect to a factor
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directly proportional to the argument, the radial distance from the source, also be-
comes infinite as the radial distance from the source approaches zero. The product
of the derivative of the Bessel function, which behaves like the negative of the deriva-
tive of the natural logarithm, and the radial distance from the source in the limit as
the radial distance from the source approaches zero is therefore -1. The exponential
term in expression 4.19 also becomes unity as the radial distance from the source
approaches zero because the distance from the source along the i-axis equals the
radial distance from the source when the radial distance equals zero. The resulting
boundary condition is therefore
N Ihu(.0
27rk [c An Cos (c"z) + j sin (cnz) =q' (z) (4.20)
n=0 cnk
When the expression for the heat flux distribution in equation 4.20 is compared to the
Fourier series representation in expression 4.15, a relation between the A' coefficients
in the summation of the expression for the temperature change at a point can be
made to the An coefficients in the summation of the representation of the heat flux
distribution. This relation is given by
A' = A (4.21)
n 27rk
The relation between the coefficients is substituted into expression 4.17 to get an
expression for the temperature increase at a point in terms of the An coefficients of
the heat flux distribution. The solution for the temperature change at a point in a
plate heated with a variable strength source with different values of convective surface
heat transfer coefficients for each surface is therefore
T - TO = 2r e An COS (caz) + sin (cnz) Ko [Anr] (4.22)
2_ k qCe c k
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An COEFFICIENTS
Previously, in the case where there is no heat loss, the solution for cn is I and
the cosine and sine terms in the summations of the expressions for the heat flux
distribution and the temperature change are always orthogonal. The orthogonality
permits the use of integration of the Fourier series representation of the heat flux
distribution to solve for the An coefficients and allows for a relatively high degree of
accuracy with few coefficients. For the case when heat losses are accounted for, the
solution for c, results in a non-orthogonal behavior of the cosine and sine terms in the
summations. The integration method used for solving the values of the coefficients
can therefore not be applied and the coefficients must be determined with direct use
of the heat flux distribution. Since the assumed heat flux distribution is only non-zero
over a small percentage of the thickness, a large number of coefficients is required to
represent it accurately in a Fourier series. For example, if E is one percent of the plate
thickness in the triangular heat flux distribution, at least 101 coefficients are required
so that two points on the non-zero portion of the heat flux distribution are defined.
A greater number of required coefficients implies greater computing time.
The values of the An coefficients in the summations in the expressions for the heat
flux distribution and the temperature change are found by solving a linear system of
equations created by substitution of values of z into the Fourier series representation
of the heat flux distribution given by
N Fh
q' (z) = q' (0) 1 An cos (cnz) + sin (cnz) (4.23)
n=O c
The accuracy of the Fourier series representation of the heat flux for different
numbers of coefficients can be established graphically by Figures 4-2a and 4-2b, which
show the heat flux distributions with 20 and 100 coefficients, respectively. The value
of E used in both distributions is 0.635[mm], which is one-tenth the plate thickness of
6.35[mm].
When the triangular heat flux distribution used to model the actual heat flux
distribution defined in 3.49 is used for the method of direct substitution to solve
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Figure 4-2: Heat flux representations (a) with 20 coefficients and (b) with 100 coeffi-
cients.
for coefficients, the value of c establishes not only the value of q'(0), but also the
minimum number of terms required to accurately represent the heat flux distribution,
and therefore the minimum number of equations required in the linear system. At
least two points of the heat flux distribution between z = 0 and z = f must be
represented. This requirement is satisfied when (g/e) +1 points are used to define the
distribution. When the value N is defined as (g/c), the number of points required is
therefore N +1, where the additional point corresponds to the case when n = 0. Since
N + 1 points are required to represent the heat flux distribution accurately, N + 1
unknown A,, coefficients are in each equation in the linear system and, therefore,
M+1 equations are required for a determinate system, where M = N.
Each of the M + 1 equations of the system is evaluated at a discrete value of z,
which when evenly distributed across the thickness is given by
zn = n for n = 0, 1,...N (4.24)
and each equation will therefore have the form
Am,o7m,o + Am,7m,1 + --- + Am,i7m,i + -- -+ A(m,N)m,N m) (4.25)
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where the value of 7i,m is given by
7m,i = Cos (Cm,iZm) + cu sin (cm,iZm) (4.26)
cm,ik
All of the equations together create a system of the form
70,0 70,1 - - o,N A0  q (Zo)
71,o 71,1 - 71,N A1  q (zi)
A2  = Q'(Z 2) (4.27)
7M,O YM,1 ' 7M,N AN q'(ZM)
It should be noted that, as the value of n increases within the summation, the cosine
term in the summation becomes more dominant in the solution. This trend occurs
because the value of c typically increases rapidly, reducing the effect of the sine term.
The linear system in equation 4.27 is solved using Gaussian elimination. With
the values of A, solved, they can be applied with their corresponding values of c,, to
the summations required to evaluate the heat flux distribution and the temperature
distribution within the plate.
SOLUTION BEHAVIOR
The effects of the surface convection losses are evident when the temperature distri-
bution solution of equation 4.22 is compared with Rosenthal's solution in equation
3.43. The differences between the solutions that are attributed to the effects of heat
loss are the additional sine term and the factored first term of the summation.
The additional sine term found in the summation and the corresponding I coef-
ficient are a direct result of the additional boundary conditions resulting from surface
convective heat losses. Typically, the impact of this additional term in the summation
is minor, given that the ratio of the heat transfer coefficient to the product of the
value of cn and the heat conductivity, - is relatively small. However, the magnitude
of the sine term increases with increases in the value of the heat transfer coefficient.
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Since the heat transfer coefficient increases with increases in temperature, the relative
magnitude of the sine term is greater at elevated temperatures and therefore higher
values of heat flux. In this model however, the value of the heat transfer coefficient
is considered constant and the relative magnitude of the sine term is independent of
temperature.
When heat loss is considered, the values of c, are determined by solving equation
4.9 numerically. For any given value of n in the summation, the value of c, with heat
loss is always greater than that without heat loss, with a larger relative difference
occurring in the first few terms of the summation. A larger value of c, affects both
the values of the trigonometric expressions and the Bessel function.
When the value of c, increases, the magnitude of the sine term in the solution
of temperature change at a point increases while the coefficient of the sine term
decreases. However, the cosine term decreases as the value of c, increases, resulting
in an overall decrease of the temperature change at a point. And since the difference
between the values of c, with and without heat loss is largest in the first few terms
of the summation and the effects of heat loss are apparent in only the first few terms
of the summation, only the values of c, significantly affected by the consideration of
heat losses establish the amount of heat loss.
The value of the Bessel function of the second kind and zero order decreases rapidly
as the magnitude of its argument increases. Since the solutions of c,, when heat loss is
considered are always greater than when no heat loss is accounted for, the argument
of the Bessel function is also always greater in magnitude. Therefore the value of the
Bessel function is lower for each respective term in the summation when heat loss
is considered which means the temperature increase will also be lower. Because the
value of the Bessel function decreases rapidly with increases in its argument and the
solution of c increases rapidly in subsequent terms, the effects of using heat loss are
again apparent in only the first few terms of the summation.
A comparison of Figures 4-3a and 4-3b illustrates the effect of surface heat losses
for a heat source of variable strength through the thickness. Figure 4-3a shows the
temperature time history for a point 2[mm] off of the heating line on the upper surface
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of a plate of 6.35[mm] thickness with a heat source of speed 2 [M7, a heat flux of
680 [f, and no heat losses. Figure 4-3b shows the temperature time history for the
same point and conditions but with heat dissipation coefficients of hu=10 [ ] and
hL=5 [ for the upper and lower surfaces of the plate, respectively, and no heat
losses.
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Figure 4-3: Temperature time history for a point on the upper surface on the heating
line with a variable strength heat source (a) without heat loss and (b) with heat loss.
The temperature distributions at specific cross sections also illustrate the differ-
ences in temperature due to heat losses. Figure 4-4 shows the temperature distribu-
tions in the (-y plane for a plate without and with surface heat losses respectively.
Similarly, Figure 4-5 present temperature distributions in the (-z plane and Figure 4-
6 show temperature distributions at the same point in the y-z plane for the same
conditions.
For all of the temperature distributions, there is no apparent difference when heat
losses are accounted for in the solution of the temperature change. The reasons for
the minimal effects are discussed later.
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Figure 4-4: Temperature distribution in the 6-y plane on the upper surface with a
variable strength heat source (a) without heat loss and (b) with heat loss.
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Figure 4-6: Temperature distribution in
variable strength heat source (a) without
the y-z plane on the upper surface with a
heat loss and (b) with heat loss.
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4.2.2 DISTRIBUTED HEAT SOURCES
The solutions presented in equations 3.16, 3.19, 3.43, and 4.22 are all based on the as-
sumption of a point heat source. In reality, however, a heat source is distributed across
some finite region. Testing conducted at Pennsylvania State University demonstrated
that the distribution of the heat input can be modeled as a truncated Gaussian distri-
bution [20]. The diameter of the region is the spot size of the torch flame. Therefore,
a more accurate representation of a heat source is either multiple point heat sources,
with strengths determined by a Gaussian distribution at discrete points or the in-
tegral of a continuous heat source with a Gaussian distribution over a region of the
heat source influence. While using a form of a distributed heat source improves the
accuracy of the solution, it has the added benefit of reducing the effects of the singu-
lar solutions which occur when the argument of the Bessel function becomes zero or,
physically, when the source is directly over the point under consideration.
MULTIPLE POINT HEAT SOURCES
When multiple, discrete point sources are used, the total temperature change at a
point is the sum of the influences from each individual point source. The solution in
equation 4.22 therefore takes the form
NOP q 0 -(O)ieAv h) N r u 1T-To= 27rk e- - An cos (cnz) + -sin (cnz) K0 [Ar] (4.28)
i=1 In0 Ln
where NOP is the number of discrete point sources, q'(0)i equals the heat flux in-
fluence set by the Gaussian distribution, and x, and y, are the shift in coordinates
required to superpose temperature distribution solutions where r is redefined to be
r = - + ( 2 and is redefined to be = x - x, - vt.
Figures 4-7a and 4-7b compare temperature distributions in a cross section in the
-y plane at the top of the plate of 6.35[mm] thickness, with a source speed of 2[-""9
and a heat flux of 680 with one point source and multiple point sources respectively.
The multiple point temperature distribution has 17 discrete point sources arranged
as shown in Figure 4-8 with an assumed heat source spot size of 3[mm] radius.
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Figure 4-7: Temperature distribution in the (-y plane on the upper surface (a) with
one point heat source and (b) multiple point heat sources.
Figure 4-8: Distribution of multiple point heat sources within a concentrated heat
spot.
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The presence of multiple point sources has a large local effect near the heat source.
As distance from the source increases, however, the temperature distribution ap-
proaches that of the single point source solution.
Figure 4-9 shows temperature distributions in the -z plane without and with
multiple point sources for the same conditions used for Figure 4-7. Similarly, Figure 4-
10 presents distributions without and with multiple point heat sources at the same
cross section in the y-z plane. The differences between the temperature distributions
with a single and multiple heat sources are discussed in Chapter 6.
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Figure 4-9: Temperature distribution in the (-z plane on the upper surface (a) with
one point heat source and (b) multiple point heat sources.
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Figure 4-10: Temperature distribution in the y-z plane on the upper surface (a) with
one point heat source and (b) multiple point heat sources.
CONTINUOUS HEAT SOURCE
As the size of the region of the heat source increases, the accuracy of the temperature
distribution found using multiple discrete heat sources decreases because the spac-
ing between the sources becomes too large to provide a continuous isotherm of the
critical temperature. The maximum breadth and depth of the inherent strain zone
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are consequently difficult to determine. While increasing the number of point sources
with increasing torch spot size would alleviate this problem, the computation time
would begin to approach that for a full three-dimensional thermo-mechanical finite
element model, which would provide a more accurate solution.
A continuous heat source representation reduces the effect of singular solutions
found with multiple point sources and therefore provides a continuous isotherm of
the critical temperature for a low computational cost.
The continuous heat source is defined by the assumed Gaussian distribution of
the total heat flux [20], which is given by
q" (f) = qoe- 2  (4.29)
where q" is the value of the heat flux at a radial distance i from the maximum value of
the heat flux q0. The Gaussian distribution of the heat flux is illustrated in Figure 4-
11 for a heat source strength of 680 and a spot size radius of 40[mm]. The value
of the constant c is determined as a function of the radius of the torch spot size Fo
and the fraction of the maximum value at the truncated edge of the spot size. If the
value of the heat flux at the edge of the heat affected region is assumed to be five
percent of the maximum value, the value of c is given as
In (0.05) (4.30)c= ~ -2 (.0
and the maximum heat flux is therefore given as
o q (4.31)0.957r
where q is the total heat flux.
A differential element on the plate within the spot size at a distance f from
the maximum value of the heat flux has an area dA = fdidO. The integral of the
products of the differential areas and the corresponding value of the heat flux at the
radial distance f over the spot size is the total value of the heat flux. On the surface
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Figure 4-11: Gaussian distribution of a heat source.
of the plate, a differential amount of heat flux is given as
dq = q" ( j ) did6 (4.32)
With reference to equation 4.22, the expression of the temperature change at a
point, with the application of equation 4.32, yields
T - T o j q" eAv( -Co"6) An cos (cnz ) + hysin (a
-1 = 2wrk , [ ca/ k '
K0 [An y(( - f cos 9)2 + (y - f sin6)2J d~df (4.33)
which can be computed numerically using Gaussian quadrature [1]. The shifts in the
values of ( and y are made to reflect the distance from the evaluation point to the
integration point. In order to use the standard weighting factors, WR and we, and
evaluation points, R and e, of integration, the bounds of integration must be changed
to -1 to 1 where the values of radial distance are given by
r = ro(R + ) (4.34)
2,2
and the values of the angular position are given by
9 = (e +i)w7 (4.35)
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The numerical integration is therefore given as
T- To= ? [ wR wef (R E)] (4.36)
where the function f (R, 8) represents the function in equation 4.33.
Figure 4-12 compares the temperature distributions in the -y plane which corre-
spond to a point heat source and a continuously distributed heat source, both with
heat losses. Since the area of the plate affected by the torch in the model which
uses a continuously distributed heat source can be made larger than that for a single
point source by controlling the torch spot size, the isotherms are flatter and wider
in both the (-z and y-z planes for that case. The distributions are calculated for a
heat flux of 680 [ moving at 2 ["- on a 6.35[mm] thick plate. The spot size radius
for the continuously distributed heat source is 40[mm] and four evaluation points are
used for each dimension of integration. These figures can also be compared to the
three-dimensional, non-linear finite element model of the temperature distribution,
as shown in Figure 4-13, for the same conditions. The complete finite element model
was created in part to serve as a reference for establishing the validity of the analytic
solution. Since the non-linear finite element model accounts for heat losses more ac-
curately than the analytic solution, the temperatures in the finite element model are
lower than for the analytic temperatures. However, the shapes of the isotherms are
very similar. Figures 4-14 and 4-15 present a comparison of the temperature distri-
butions in the (-z plane and y-z plane, respectively, for the trial conditions. From
these figures, it can be seen that the temperature distribution is affected not only
through the thickness of the plate, but also along the ( axis. On the lower surface
of the plate, the time delay from when the heat source passes a point to when that
point achieves a given temperature is greater when a continuously distributed heat
source is used.
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Figure 4-12: Temperature distribution in the (-y plane on the upper surface (a) with
one point heat source and (b) continuously distributed heat source.
4.3 INHERENT STRAIN ZONE DIMENSIONS
In the simplified model for determining plate deflections by line heating proposed by
Jang et al. [7] and described in Chapter 2, a parameter required for calculating the
deflection is the size of the inherent strain zone in which plastic strain develops. The
size of this region is expressed in terms of its maximum breadth and depth. In Jang's
model, these values are related to heating parameters by constants determined in
welding experiments [7]. However, the modified Rosenthal solution in this work given
by expression 4.22 used to determine the temperature distribution in a heated plate
is a more accurate method for determining the size of the inherent strain zone as it
provides the actual breadth and depth for given heating conditions.
The maximum breadth and depth of the inherent strain zone are determined nu-
merically by successively integrating the initial value problem for a system of coupled
non-linear differential equations using a fourth-order Runge-Kutta method. Since the
inherent strain zone is defined as the region which had reached a critical temperature,
solving for the maximum dimensions of an isothermal region of the critical temper-
ature is equivalent to solving for the maximum dimensions of the inherent strain
zone.
1
'-I
Figure 4-13: Temperature distribution in the (-y plane on the upper surface from a
non-linear finite element model.
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Figure 4-14: Temperature distribution in the (-z plane on the upper surface (a) with
one point heat source and (b) continuously distributed heat source.
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Figure 4-15: Temperature distribution in the y-z plane on the upper surface (a) with
one point heat source and (b) continuously distributed heat source.
4.3.1 MAXIMUM BREADTH
Isothermal contour lines on the (-y plane satisfy the relation
T ( , y) = constant (4.37)
where T ( , y) is the temperature given by equation 4.22 at a fixed value of z. The
maximum breadth of the inherent strain zone occurs on the upper surface of the
plate, where z = 0. The isotherm in the (-y plane on the plate can be expressed as a
parametric curve defined by
r (s) = r (( (s) , y (s)) (4.38)
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Differentiating the expression for temperature along an isotherm given by expression
4.37 with respect to length along the contour line, s, yields
OTd d T dy
+ -= 0 (4.39)og ds Oy ds
where the derivatives of the positions with respect to the arc length of the isotherm
together give the direction of the contour line. The solutions of equation 4.39 are
-< aT (4.40)
ds oy
dy 
-a (4.41)
ds og
a is an arbitrary, non-zero constant which is selected to satisfy the arc length parametriza-
tion given by
ds 2 = d 2  + d y2 = 2 + - ds 2  (4.42)
which results in
1
a (4.43)
The substitution of the solution for the value of a, using the positive solution, into
equations 4.40 and 4.41 yields
- (4.44)
ds (a~)(\y2 2 1Y
dy - (4.45)
ds (u 2 + )2 8
where 1 and ' on the upper surface of the plate where z = 0 are given by
9T ( ) = 2C e An AvKO [Anr] + -K1 [Anr] Ant (4.46)
BT -v 'N0
( y)-= 2kr e- E A"K 1 [Anr] Any (4.47)2w/cr n=O
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where K1 is the Bessel function of the second kind and zero order [5].
Points on an isothermal contour line are computed successively by integrating
equations 4.46 and 4.47 using the Runge-Kutta method [4]. The initial value required
for the integration process is taken to be the point on the isotherm of the critical
temperature which lies along the i-axis, or y = 0. This point is found by the method
of bisection applied to equation 4.22. Using the initial point on the isotherm, the
Runge-Kutta method computes the position of another point along the isotherm,
where the distance of the iterated point from the initial point is controlled by the
value of an incremental step size, h. The expressions for the Runge-Kutta method
applied to calculating points along the isotherm of the critical temperature are
h
+1=. + h (kg 12kg2 + 2kg3 + kg4 ) (4.48)6
h
Yi+I = yi + - (kyi + 2ky2 + 2ky 3 ± ky4 ) (4.49)6
where i + 1 designates a successive point based on a previous point i, and where
d( kg1 ky
and
dy / kei k
k 2 !! &+ 2'j 't + 2)j
ds ( 2' 2y
k 4 = dy(& + ke3, yi + ky3)
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Each new point on the contour line found becomes the new initial point and the
method is repeated, tracing out the contour line, until the maximum breadth is
found. It must be noted that the calculation of the values of the functions ki, above
ki, for both ( and y, require the previous solution of ki for both variables.
4.3.2 MAXIMUM DEPTH
The maximum depth of the inherent strain zone is found using the same method as
that used to find the maximum breadth, except the isothermal contour line lies in
the (-z plane and all expressions are in terms of ( and z. Since the value of y is
constant in the (-z plane and the maximum depth occurs along the i-axis, the value
of y is fixed at zero. The partial derivatives of temperature with respect to ( and z
are therefore given as
(z= ( ew N An cos (cnz) + h sin (cnz) [AvKo [Anr] + K1 [Anr] An]0' - 20k E _ cAkSn=O I ~ in
(4.50)
(, Z) =27rk e- " Anc -sin (cnz) + cak cos (cnz) Ko [An () (4.51)
n=0
The Runge-Kutta method is applied to equations 4.50 and 4.51 to find the points
along the critical temperature isotherm. Since the maximum depth occurs along
the i-axis, where y = 0, the same initial point on the isotherm required for the
calculation of the maximum breadth is used. The expressions for finding successive
points along an isotherm to determine the maximum depth using the Runge-Kutta
method are identical to those in equations 4.48 and 4.49 except the variable z is again
substituted for y. The maximum depth is found when the value of an iterated point
on the isotherm is less than the value of the point used to solve it.
It should be noted that, since the calculation of the maximum breadth and depth
are done independently, the point on which they occur along the i-axis may not be
the same. However, since the difference is typically negligible, it is assumed they
occur at one point, which simplifies the estimation of the deflection and equivalent
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bending moment.
MAXIMUM DEPTH IN AN OVERHEATED CONDITION
Because the thickness of the plate is much smaller than its width, the depth of the
critical isotherm will exceed the thickness of the plate if the heating conditions are
high enough. For this case, the Runge Kutta method can not be applied directly. In
order to find a value of projected depth required for the estimation of plate deflection
and equivalent bending moment, an elliptical isotherm of the critical temperature in
the y-z plane is assumed, given by
b = bz=0 1 z +2 (4.52)
The projected depth is calculated by finding the value of breadth, be, at another thick-
ness other than z = 0. The breadth at z = g can be solved using the same expressions
for the Runge-Kutta method used to determine the breadth on the upper surface of
the plate, except with z = g instead of z = 0 and therefore an additional cosine and
sine term. The initial point required is known from the attempted calculation of the
depth as the intersection of the critical isotherm with the plate surface at z = g. The
breadth of the isothermal region at z = g is substituted into equation 4.52 along with
the value of the breadth on the upper surface of the plate and the value of the depth
equal to g to solve for the projected depth of the isothermal region.
4.3.3 INHERENT STRAIN ZONE DIMENSIONS WITH A
DISTRIBUTED HEAT SOURCE
When m multiple point heat sources of strength qi are used instead of a single point
source, the expressions for an isotherm in the (-y plane in equation 4.37 and the
corresponding result in the (-z plane become, respectively
Ti ( , y) + T2 (j, y) + - - - + Tm ( , y) = constant (4.53)
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T1 ( , Z) + T2 ( , Z) + - - - + Tm ( , z) = constant
The differentiation of these equations with reference to the coupling of coordinates
yield
m) < + ( > = 0 (4.55)
_a o ds _i y ds
+ 
- 0 (4.56)
og ds oz ds
The equations applied to the Runge-Kutta method for the (-y plane in equations
4.44, 4.45, and the corresponding equations in the -z plane respectively become
_: 1 _(4.57)
1
I~~ 2 + z~ 2
1
OT(Zm +ff)2  ( 2
1
(4.58)
_ i(4.59)
(4.60)
When multiple point sources are used, the accuracy of the dimensions of the inherent
strain zone is dependent on the spacing of the point sources. If the sources are set
too far apart, the method will find an isolated contour which corresponds to a low
strength heat source. The maximum breadth and depth of the calculated isothermal
region will therefore be smaller than the actual values.
When a continuous distributed heat source is used, the chances of finding an
isolated contour attributed to a singularity during the search for the dimensions of
the inherent strain zone are reduced. The method used to calculate the dimensions
of the inherent strain zone is therefore more reliable.
The technique used to find the inherent strain zone dimensions with a continuously
distributed heat source is similar to that used for a single point source. However, the
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as
dy
ds
ds
dz
(4.54)
expressions for the partial derivatives of temperature in equations 4.47, 4.50, and 4.51
are given by
T = frof2r -q" (F) fe_ \v( cos ) y - f sin 9
oy 0 0 2irk 
- f cos 0) 2 + (y - fsin9) 2
N
( AnK 1 [An { - cos 0)2 + (y - f sin0)2 ] d~df (4.61)
n=0
T ffo 27r q"1 (f) f Av(r Nhu
-
Ae(-" CO ) An cos (cnz) + sin (cnz)of 00 27r n=0 Cnk
LnK 1 A ( - f cos 0)2 + (y - isino)
k COS - o0)2 +(y - f sin 0)2 .
+ Ko An - cos 0)2 + (y - f sin 0) dOdf (4.62)k
" -0 EAv(-cosO) An (-c sin (cnz) + cos (cnz))
K o An/( - f cos 0)2 + (y - F sin 0)2 d~df (4.63)
When using a continuous heat source and integrating by Gaussian quadrature,
none of the function evaluation points can lie on the heating path. If any points lie
on the heating path, the isotherms used to calculate the dimensions of the inherent
strain zone will be from a local singularity, and will therefore be smaller than the
actual values. In order to avoid having integration points on the heating line, an
even number of points in the angular direction must be used. However, when no
evaluation points are on the heating line, it is possible, if the heating condition is low
enough, that the critical isotherm will not be continuous across the heating line and
will only surround the singularities at the evaluation points. The critical isotherm
must therefore be searched for off the heating line to find the maximum breadth and
the assumption made that the isotherms in the (-z plane are elliptical in shape in
order to find the maximum depth. This technique is required if an estimation of the
dimensions of the inherent strain zone is to be made.
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4.4 MODIFICATION OF SIMPLIFIED MECHAN-
ICAL MODEL
In the simplified mechanical model for estimating angular deformation in a plate due
to line heating, the dimensions of the inherent strain zone and the heating param-
eters are assumed to be related by constants. These assumed relations are given in
equations 2.19 and 2.20, where the constants ci and c2 were obtained from welding ex-
periments [13]. The assumptions are made because normally, the breadth and depth
of the inherent strain zone are difficult to quantify and, with the assumed relations,
the estimates of the plate deflection and equivalent forces, which are based upon the
size of the inherent strain zone, can be expressed in terms of the heating parameters.
With the application of the modified Rosenthal thermal model presented in this work
however, the temperature distribution and therefore the dimensions of the inherent
strain zone can be directly related to the heating conditions. The values of maximum
breadth and depth of the inherent strain zone can therefore be used directly in the
estimation of the plate deflection and equivalent forces due to the line heating process.
4.4.1 ANGULAR DEFORMATION
The assumption made in the simplified mechanical model that a unit strip of plate
behaves like a beam is still applicable when values of the maximum breadth and depth
of the inherent strain zone are used directly in the estimation of plate deformation.
The deflection is therefore a function of the integral across the plate thickness of
the moment caused by the residual strain found in the inherent strain zone. The
expressions for the angular deformation are therefore the same as equations 2.34 and
2.36.
4.4.2 EQUIVALENT FORCES
The equivalent nodal forces required to cause the calculated angular deformation in
the plate are caused by the shrinkage of the inherent strain zone. These forces occur
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in both the transverse and longitudinal directions of the plate, with respect to the
heating line.
Since the inherent strain zone varies with depth, the contraction of the region can
be modeled as an equivalent transverse moment and force, which act together at the
edge of the inherent strain zone. The equivalent bending moment, which is mainly
responsible for the angular deformation, is calculated by integrating the inherent
strains at their corresponding depth with respect to a section along the heating line.
The transverse bending moment is given by equation 2.39 when the depth of the
inherent strain zone is less than the thickness of the plate and equation 2.41 when the
depth exceeds the plate thickness. Similarly, the transverse shrinkage force is given
by equations 2.40 and 2.42.
The equivalent longitudinal bending moment and shrinkage force are calculated
by integrating the inherent strains with respect to a unit section perpendicular to
the heating line. Since the inherent strain zone runs the entire length of the heating
line, the equivalent longitudinal forces act at the edges of the plate. The longitudinal
bending moment is defined by equations 2.43 and 2.45 and the longitudinal shrinkage
forces are given by equations 2.44 and 2.46.
4.4.3 FINITE ELEMENT MODELING
In order to verify the accuracy of the estimation of the expressions for the deflection
given in equations 2.34 and 2.36, a mechanical finite element model is made which
utilizes the transverse and longitudinal equivalent forces. A finite element model
which uses all equivalent forces is more realistic because the additional effects of the
longitudinal forces and transverse shrinkage forces are incorporated into the solution
which results in longitudinal angular deformation, which is not dealt with in the
solution of the transverse angular deformation in equations 2.34 and 2.36.
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Chapter 5
EXPERIMENTS
5.1 INTRODUCTION
The line heating experiments conducted are designed to obtain values of angular
deformation which can be compared to those calculated from the analytic model em-
ploying the modified Rosenthal solution of inherent strain zone dimensions with heat
loss and those from a linear analysis finite element model. In addition to comparing
the values of angular deformation however, the validity of the modified Rosenthal so-
lution must also be established by comparing experimental and analytic temperature
distributions.
5.2 EXPERIMENTAL PROCEDURE
Each line heating experiment involved heating a plate along a single path at conditions
which resulted in measurable deformation. Several parameters were measured during
each experiment, including a calibrated value of heat flux, the angular deformation,
and for some plates, the temperature distribution.
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5.2.1 CALIBRATION PROCEDURE
Prior to all line heating runs, a calibration procedure is conducted to establish a
reference value of heat input for a given oxy-acetylene torch flame. The calibration
is performed using an open steel container holding water. The dimensions of the
container and therefore its mass are known. And for a given height of water, the
mass of water is known. When a flame has been established for the line heating
process, it is first applied to the container/water system, which can be seen in the
lower left corner of Figure 5-3, for a specified duration At. The system is isolated
from its mounting by fiberglass insulation. After the heat source is removed, the
temperature of the water is measured and compared to the temperature prior to
heating. Since the heat is applied over a diffuse area, the temperature of the steel is
assumed to be the same as the water temperature. With the temperature increase
over the given time, the masses of the water and steel container, m. and m, and the
heat capacities of the water and steel container, c, and c, (g in SI units), the heat
flux to the system is calculated with the expression given by
(mwcw + mscs) AT (5.1)qcALIB = A5.1
Since the amount of heat absorbed by the calibration apparatus is assumed to be
different than that absorbed by a plate during line heating, the reference value can
be scaled appropriately based on experimental results, assuming the absorbed heat
fluxes are related by a constant ratio.
5.2.2 PLATES
Two types of plates were used in the line heating experiments. Most of the plates used
were AISI/SAE 1020 mild steel with a slightly scaled surface. While the surface was
prepared by grinding along the heating line, the remaining area was left untreated,
which affects the amount of heat loss from the plate surface. To determine this effect,
AISI/SAE 1018 cold-rolled plate with a clean, polished surface were also used. The
dimensions in inches were 12 x 12 x - for both types of plates. The physical properties4
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used for both plates are presented in Table 5.1, where the properties of the disk and
plate refer to the assumed plastic and elastic regions in the plate as defined by Jang
et al. [7].
PROPERTY J UNITS I VALUE
Young's modulus of plate Ep MPa 2.06843E5
Young's modulus of disk ED MPa 0.88E5
Poisson's ratio of plate vp - 0.3
Poisson's ratio of disk vD - 0.3
Thermal expansion coefficient a K- 1  0.000014
Heat loss coefficient (upper surface) hu Wm- 2K- 1  10
Heat loss coefficient (lower surface) hL Wm- 2K- 1  5
Yield stress of disk UyD MPa 110
Table 5.1: Physical properties used for plates. Adapted from [2].
5.2.3 TESTING
In order to obtain a proper understanding of the behavior of the line heating process,
a sufficient variation of heating conditions is required. Since the dimensions of the
plates used in experiments, specifically the thicknesses, remain constant, the heat
supplied to the plate and the speed at which it moves are varied.
Testing was conducted at the MIT Department of Ocean Engineering Fabrication
Laboratory. An oxy-acetylene heating torch was used as the heat source, the speed of
which was controlled by a modified Kawasaki 6-axis electric programmable welding
robot arm with linearly interpolated movement. The robot, with a plate in place, is
shown in Figure 5-1. Illustrations of the line heating process in action are shown in
Figures 5-2 and 5-3.
For one of the plates tested, a line heating run is made in which temperatures are
measured. During the line heating process, the temperature time histories at several
points on the plate are recorded, which collectively provide the data for temperature
distribution. The temperatures are measured using high temperature thermocouples,
arranged as in Figure 5-4, and a data acquisition board. An automatic calibration
of the thermocouples by the data acquisition software is used since the thermocou-
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Figure 5-1: Experimental setup.
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Figure 5-2: Line heating process.
Figure 5-3: Line heating process.
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ples only measure accurately at temperatures above 200 degrees Celsius. Below this
temperature, the measurements of these thermocouples are less reliable. The ther-
mocouples are attached to the plate with a high temperature cement. The cement
acts not only as an adhesive, but also to isolate the thermocouples from the direct
exposure to the flame which is not absorbed by the plate and therefore does not re-
flect the plate temperature. When the plate cools to ambient conditions, the angular
deformation is measured. Unlike the measurement of temperature, the angular defor-
mation is measured for all line heating experiments. The angular deformations were
determined by measuring the deflection between the plate edge and center in three
planes perpendicular to the heating line. Three angles are calculated from the three
measured deflections at the edges and center according to
6 = 2sin- 1  - (5.2)
where A is the amount of measured deflection in meters and s is the distance from
the heating line to the edge of the plate in meters, [see Figure 2-7]. The three
resulting angles are averaged to obtain the one value of the angular deformation.
The experimental conditions and measured values for each of the seven plates tested
is presented in Table 5.2. The temperatures recorded in trial five are provided in
Figures 5-5 to 5-14. It should be noted that the calibrated heat input and predicted
heat inputs are expressed in a because these units are required to calculate the value
of the heating parameter q which is used for comparison with Jang's model [7].
TRIAL THERMOCOUPLES SURFACE CONDITION v qCALIB 6 EXPERIMENT
MM i rad
1 NO MILL 2.0 1562 -0.043223
2 NO MILL 4.0 1471 -0.060745
3 NO MILL 2.0 605 -0.031942
4 NO MILL 2.5 628 -0.024999
5 YES MILL 2.0 391 -0.017361
6 NO CLEAN 2.5 765 -0.052419
7 NO CLEAN 2.0 651 -0.066989
Table 5.2: Experimental conditions and measured values.
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L.5
THERMOCOUPLE POSITIONS
0 ON TOP OF PLATE
X ON BOTTOM OF PLATE
(DIMENS[ONS IN [NCHES)
-
0.75 0.75 L5 1.5
6.0
AVT 3.0
Figure 5-4: Typical distribution of thermocouples used in experiments.
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Figure 5-5: Temperature time history at x=0.0508[m], y=0.0508[m], and z=O[m].
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Figure 5-7: Temperature time history at x=0.15[m], y=O[m], and z=0.00635[m].
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Figure 5-13: Temperature time history at x=0.254[m], y=-0.0508[m], and z=O[m].
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When the solution of the temperature change with a single point source is used,
a value of the heat flux absorbed by the plate can be established by matching the
temperature time history calculated in the analytic solution to the actual temperature
time history at the same point recorded by the thermocouples. This method can be
done because the temperature is directly proportional to the heat flux. In practice,
it is best to match to points near the heating line such as the maximum value of
the temperature history of the point in the middle of the plate on the lower surface,
where the temperature histories are more accurate.
While the temperature history at one point can be matched using the single point
source solution, typically none of the other time histories at the other points measured
will coincide with the analytic solution using the matched value of heat flux. These
discrepancies occur because the isotherms with a single point source are deep and
narrow, while the actual isotherms are flatter. Since the solution used to match the
value of the temperature is only a function of the magnitude of the heat flux, the
shape of the isotherms can not be controlled. However, the temperature distribution
with a distributed heat source is a function of the heat flux and the size of the
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torch spot size. The temperatures at two points can therefore be matched to with
the proper combination of the heat flux and spot size. If the spot size is relatively
small, matching can be done using multiple discrete point sources. However, using a
continuous heat source reduces the chances of matching the temperature to a local
isotherm surrounding the singularities resulting from one of the multiple point sources.
While singular solutions do exist in the temperature distribution calculated using the
integration of a continuous heat source, there are not as many as when multiple
sources are used and can be arranged as to not interfere with the calculation of the
dimensions of the inherent strain zone.
In practice, the proper combination of the required heat flux and spot size are
found in an iterative manner. A starting value of the spot size and a unit heat flux
are used to calculate the temperature at one of the points to be matched. The heat
flux required to match the actual temperature is the ratio of the actual temperature
to the analytic temperature with a unit heat flux and given spot size. The heat flux
required to match the second point using the given spot size is found in an identical
manner. An iterated spot size is calculated by scaling the previous value of the spot
size by the appropriate ratio of the respective solutions of the required heat fluxes.
The matching process using unit heat fluxes is repeated using the iterated spot size
until the two values of the required heat flux are equal.
The ability of the modified Rosenthal solution of temperature to match the ac-
tual temperature, and therefore the model's validity, can be seen qualitatively in
Figure 5-15 which shows both the experimental and matched analytic temperature
time histories for points in the middle of the plate on the lower surface and on the
upper surface of a plate, midway along and one inch from the heating line with a
source speed of 2 [ and a 6.35[mm] plate. The values of the temperatures used to
establish a heat flux and spot size are taken from the fifth line heating trial, in which
the temperatures were recorded with thermocouples. The peak temperature change
at the point in the middle of the lower surface of the plate is 460 degrees Celsius,
which occurs at 83 seconds into the line heating run. The temperature change at the
other point used to establish the heat flux and torch spot size is 184 degrees Celsius.
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The value of the heat flux obtained from this matching process is 389 , with a
corresponding spot size radius of 26.1[mm].
When the value of the required heat flux obtained from the matching process is
found, it is compared to the reference value of heat flux determined from the heat
input calibration to obtain an absorption ratio. The absorption ratio is defined by
AR = qMATCH (5.3)
qCALIB
Since the value of the calibrated value of the heat flux is 391 [a], the absorption
ratio is 0.995. While the value of the required heat flux may not be the actual
value absorbed by the plate, it is irrelevant because it is only used for scaling other
heat fluxes. Assuming a linear response of heat flux to temperature, the absorption
ratio can be applied to the remaining experiments, where no thermocouples were
used, to obtain corresponding values of heat input. The value of the calculated spot
size remains constant for all cases, since the size of the torch flame did not change
significantly in each trial.
-ANALYTIC - ANALYTIC
EXPERIMENTAL * EXPERIMENTAL
230~00 -
100 ..........................
TR E() 100 150 0 50 T 100 150
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Figure 5-15: Comparison of experimental and matched analytic time temperature
distributions (a) on lower surface of the plate on heating line and (b) on upper surface
of the plate, 1 inch from the heating line.
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Chapter 6
RESULTS AND ANALYSIS
6.1 INTRODUCTION
The experimental values of angular deformation can be compared to the analytic and
linear finite element model solutions in order to determine the validity of the model.
Discrepancies between the experimental and analytic results can be justified through
an analysis of the model behavior and limitations.
6.2 RESULTS
With the values of heat flux for each line heating experiment, the breadth and depth of
the inherent strain zone can be calculated from the modified Rosenthal analytic solu-
tion and applied to the modified simplified mechanical model to obtain an estimate of
the angular deformation. The dimensions of the inherent strain zone calculated from
the modified Rosenthal solution temperature distribution and those from the original
simplified mechanical model which used constants to relate the heating conditions
and the inherent strain zone dimensions are compared in Table 6.1 to illustrate the
differences between the solutions. These values are compared based on the angular
deflections calculated in the modified model. The breadth and depth and depth of the
inherent strain zone are also used to calculate the equivalent forces used in the linear
finite element analysis for another estimate of the angular deformation. The values
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of the equivalent nodal forces calculated in the mechanical model and corresponding
dimensions of the inherent strain zone are presented in Table 6.2.
TRIAL v 6 MODIFIED bJANG bMODIFIED dJANG dMODIFIED
"_ radians mm mm mm mm
1 2.0 -0.000031 82.47490 0.056389 242.9019 0.202300
2 4.0 -0.007741 0.014116 0.038047 0.007116 0.010849
3 2.0 -0.015987 0.011926 0.035319 0.005079 0.007664
4 2.5 -0.005622 0.008854 0.005856 0.001372 0.001462
5 2.0 -0.003269 0.004981 0.004401 0.000886 0.000937
6 2.5 -0.013567 0.012739 0.035619 0.005795 0.008224
7 2.0 -0.011495 0.013268 0.035741 0.006287 0.008838
Table 6.1: Comparison of inherent strain zone dimensions.
TRIAL q v _ b d mfM, F ,
c -"I F m m Nm N
1 1554 2.0 19.27 0.056389 0.202265 -3 -10080642 0 -397907
2 1463 4.0 9.07 0.038047 0.010849 -987 -9469532 -26 -252203
3 602 2.0 7.46 0.035319 0.007664 -2195 -8761016 -54 -216601
4 625 2.5 6.20 0.005856 0.001462 -4656 -1822917 -19 -7472
5 389 2.0 4.82 0.004401 0.000937 -3603 -1322160 -11 -4073
6 761 2.5 7.55 0.035619 0.008224 -1847 -8960197 -46 -223409
7 648 2.0 8.04 0.035741 0.008838 -1560 -9127810 -39 -228363
Table 6.2: Analytic dimensions of inherent strain zone and equivalent nodal forces.
The linear finite element model used with the equivalent nodal forces to estimate
the angular deformation consisted of 7690 nodes, with mesh density increasing closer
to the heating line. Since the heating conditions and therefore the loading conditions
are symmetric with respect to the heating line, it is necessary to only define one-half
of the plate. The model is fixed from translation in the direction perpendicular to the
heating line at the heating line and is fixed from translation in the vertical direction
at both ends of the heating line, on the lower surface of the plate. Finally, the plate
is restricted from movement in the direction parallel to the heating line on the lower
surface of the plate at one end of the heating line. Loads are applied at each node on
the boundaries of the inherent strain zone as set by the thermal model. Figure 6-1
shows a typical deformed plate shape after loading with all equivalent nodal forces.
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Figure 6-1: Deformed geometry of plate after equivalent nodal force loading.
The values of the angular deformations from the linear finite element model are
determined by averaging the angles which exist between the heating line and the plate
edge in the deformed plate geometry in nine planes perpendicular to the heating line.
Deflections are measured at the model nodes.
The values of angular deformation from the linear finite element model are com-
pared to the theoretical solutions of angular deformation from the modified mechani-
cal model as defined in equations 2.34 and 2.36, which uses the analytic temperature
distribution, and the experimental values of angular deformation in order to establish
the validity of the modified mechanical model. The amount of deformation in the
experimental plates was determined by averaging the deflections in three planes per-
pendicular to the heating line. The results are presented graphically in Figure 6-2 and
tabularly in Table 6.3. Values of angular deformation from the unmodified simplified
mechanical model are not used in the comparison because no reference value of the
heating parameter can be established.
The angular deformations predicted by the analytic solution of the simplified me-
chanical model and the linear finite element model, which utilize the modified analytic
temperature distribution, are always significantly lower than their corresponding ex-
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Figure 6-2: Comparison of experimental and analytic solutions of angular deflection.
TRIAL J 6 MODIFIED EFEM EEXPERIMENTAL
radians radians radians
1 19.27 -0.000031 -0.000153 -0.043223
2 9.07 -0.007741 -0.008059 -0.060745
3 7.46 -0.015987 -0.016044 -0.031942
4 6.20 -0.005622 -0.005186 -0.024999
5 4.82 -0.003269 -0.003924 -0.017361
6 7.55 -0.013567 -0.013488 -0.052419
7 8.04 -0.011495 -0.012783 -0.066989
Table 6.3: Comparison of angular deformations.
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perimental values. The lowest percentage difference is 99.1 percent. The angular de-
formations from the simplified mechanical model and the linear finite element model
are relatively close. This result is expected because the values of the equivalent forces
used in the linear finite element model are calculated based on the same assumptions
regarding treating a strip of plate as a beam as those used to calculate the angular
deformation. The differences between these solutions is most likely attributed to the
additional effects of the longitudinal moment, which is neglected in the analytic so-
lution of the angular deformation. While the transverse and longitudinal shrinkage
forces are also accounted for in the linear finite element solution, they do not affect
the value of the angular deformation. Regardless of the magnitude of the angular de-
formation, for the simplified mechanical model, the linear finite element model, and
the experimental results, the trends in the angular deformation with respect to the
heating conditions are similar. For both the predicted methods and the experimental
results, angular deformation increases with increases in the heating parameter to a
point. After the heating condition corresponding to the maximum deformation, the
plate is considered to be overheated and further increases in the heating parameter
result in decreases in angular deformation.
6.3 ANALYSIS
Since the analytic temperature distribution matches the experimental temperature
distribution at two positions on the plate, it is assumed that the analytically deter-
mined isotherms and therefore the calculated dimensions of the inherent strain zone
are close to the experimental values. If the temperature distribution is reasonably ac-
curate, then the discrepancy between the analytic and experimental values is either a
result of an improper selection of the critical temperature or the value of the residual
strain used in the mechanical model, which is directly proportional to the amount of
deformation, is incorrect. If the analytic temperature distribution is not close to the
corresponding experimental distribution, despite having been matched at two points
on the plate, the discrepancies could be a result of assumptions made regarding the
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model, such as scaling of the heat flux, material properties, and boundary conditions.
The behavior of the solution of the temperature distribution in the region relevant to
line heating also affects the accuracy of the model.
6.3.1 CRITICAL TEMPERATURE AND RESIDUAL
STRAIN
The critical temperature is defined to be the temperature at which material strength
has decreased significantly. The value of the critical temperature used in the model
is selected through an analysis of the effect of temperature on material properties,
which is illustrated in Figure 6-3 for mild steel [12]. From the figure, it can be seen
that there is no sharp decrease in the material strength at any particular temperature
which would indicate a critical temperature. The selection of a critical temperature
is therefore somewhat arbitrary. Furthermore, the use of a single value for the critical
temperature is inappropriate, but necessary for the model. The tensile strength of
mild steel is half of its maximum value at a temperature of 545 degrees Celsius and
is one-fifth of the maximum at 700 degrees Celsius. Beyond this value, the slope of
the curve decreases, which would indicate no further significant changes in material
properties and therefore a critical temperature below this value. The value of 660
degrees Celsius is chosen as the critical temperature because a point of inflection
occurs in the material properties curve just after this temperature, indicating the end
of significant changes in material properties in material strength. At this temperature,
the tensile strength is 28 percent of the maximum value.
If the value of the critical temperature used in the model is actually less than
660 degrees Celsius, the size of the inherent strain zone increases, both in terms of
its maximum breadth and depth. The value of angular deformation calculated from
either equation 2.34 or equation 2.36, which are directly proportional to the breadth
and the square of the depth of the inherent strain zone, would increase.
The critical temperature however, also affects the angular deformation by means
of the value of the residual strain. With reference to equation 2.16, when the as-
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Figure 6-3: Effect of temperature on the tensile strength of mild steel. Adapted from
[12].
sumed critical temperature decreases, the magnitude of the residual strain decreases,
since the thermal expansion coefficient does not vary significantly with temperature.
Therefore, as the critical temperature decreases, the angular deformation decreases,
which is the opposite of the trend in inherent strain zone dimensions.
The combination of the effects of the change in the size of the inherent strain
zone and the residual strain caused by a change in the critical temperature on the
angular deformation is difficult to quantify analytically. For example, if a reduction of
the critical temperature decreased the value of the residual strain by 25 percent, the
combined effects of the breadth and depth would have to increase over 33 percent to
result in a larger value of angular deformation. This increase is possible, depending on
the values of the heat flux and the original critical temperature. However, the effects
of changing the critical temperature would have to be analyzed by determining the
temperature distributions for a specific case and not in general since the dimensions
of the isotherms are not related linearly with temperature.
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6.3.2 HEAT FLUX SCALING
Thermocouples were only used in one of the line heating experiments of the AISI/SAE
1020 steel plates. In order to make a comparison of the analytic solution to experi-
ments performed on plates without thermocouples, a value of the heat flux is obtained
by matching the analytic temperature distribution to the experimental temperature
distribution of the one plate with thermocouples. This heat flux is scaled linearly
according to the heat flux calculated from the calibration of each plate. However, the
assumption of a linear relation between the temperature increase in the calibration
apparatus and the heat flux may be invalid. Since the water/container is exposed
to ambient conditions, losses from the system will be greater at higher temperatures
and therefore higher heat fluxes. Also, the ratio of heat loss to heat absorbed by the
water/container may be different from that for the plate. Different heating conditions
will therefore have different relations between the heat flux and the temperature. The
value of the heat flux to be scaled to at higher heat fluxes would be lower than the
actual value for that heating condition and the heat flux would be underestimated.
Similarly, a linear relation between the heat flux and the temperature is assumed in
the model which may also not be valid for similar reasons. The scaling of heat fluxes
to change the temperature may therefore be inappropriate and relationships would
need to be established which related the temperature distributions to a variety of
heat strengths and spot sizes.
6.3.3 VARIABLE MATERIAL PROPERTIES
In the analytic model, material properties are considered constant, but in reality, most
of the properties vary with temperature. The value of each property is determined
by linear interpolation with respect to the assumed value of the critical temperature.
Properties which have a significant temperature dependence include the specific heat
c,, heat conductivity k, and the yield strength of the material oy. The values of
temperature dependent properties are presented in Table 6.4 [2]. The use of a single
value of each material property leads to differences between the analytic and exper-
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imental results in both the thermal and mechanical models. At the assumed critical
temperature of 660 degrees Celsius, the linearly interpolated value of the specific heat
is 831.45 kK, the heat conductivity is 33.32 [ , and the density p is assumed to
be 7800[k] [12], which result in a thermal diffusivity A = g- of 97319 .
Temperature C, k o y
Celsius k n I MPa£ kK mWK ___
0 450 51.9 290
75 486 - -
100 - 51.1 260
175 519 - -
200 - 49.0 -
225 532 - -
275 557 - -
300 - 46.1 200
325 574 - -
375 599 - -
400 - 42.7 -
475 662 - 150
500 - 39.4 -
575 749 - 120
600 - 35.6 110
675 846 - -
700 - 31.8 -
725 1432 - 9.8
775 950 - -
800 - 26.0 9.8
900 - - -
1000 - 27.2 -
1500 400 29.7 0.98
Table 6.4: Temperature dependent properties of mild steel. Adapted from [2].
The value of the thermal diffusivity, A, which is a function of both the specific
heat and the heat conductivity, has a large impact on the solution because it is a
factor in both the exponential term and the Bessel function in equation 4.22. The
thermal diffusivity is directly proportional to the specific heat of the material and
inversely related to the thermal diffusivity. In the range of temperatures relevant to
line heating, the value of specific heat increases with temperature, more than tripling
its value from ambient conditions to the temperature corresponding to its maximum
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value. The heat conductivity decreases with increasing temperature, becoming al-
most half of its value at ambient conditions at the temperature corresponding to its
minimum value. The behavior of these properties means that the value of the thermal
diffusivity can vary significantly with temperature. While a higher value of the ther-
mal diffusivity increases the exponential term in equation 4.22, the argument of the
Bessel function also increases and the Bessel function therefore decreases. In practice,
the change in the Bessel function is dominant over the effect of the exponential term.
The temperature change at a point is therefore lower for a higher values of thermal
diffusivity which correspond to higher temperatures.
The temperature dependence of the material yield strength does not affect the
solution of the temperature distribution and the resulting inherent strain zone size,
but rather the value of the residual strain used to calculate the estimate of the angular
deflection and the equivalent nodal forces. As temperature increases, the yield stress
of mild steel decreases. With reference to equation 2.16, lower values of yield stress
result in larger magnitudes of residual strain. Therefore, at higher temperatures, the
value of residual strain increases and hence, for given inherent strain zone dimensions,
larger angular deformation and equivalent nodal forces. This trend follows that set
by the change in the critical temperature.
6.3.4 BOUNDARY CONDITIONS
Within the analytic model of the temperature distribution, it is possible to incorpo-
rate the effects of the temperature dependence of material properties by an iterative
method, although the computational costs would be high for a simplified model.
However, in the mechanical model for estimating the angular deformation and the
equivalent nodal forces, the assumption was made that a discrete boundary existed
between the elastic and plastic regions, with a constant value of each material prop-
erty in each region. In reality, material properties change in a continuous manner as
distance from the heat source changes. However, since this assumption forms the ba-
sis of the solution of the simplified model, constant values of material properties must
be applied in each region, limiting the accuracy of the value of the residual strain and
110
therefore the approximations of the angular deformation and the equivalent nodal
forces.
Another boundary condition which affects the solution of the temperature dis-
tribution, and therefore the accuracy of the values of the angular deformation and
the equivalent nodal forces, is the assumption made in the thermal model that the
dimensions of the plate are infinite in the (-y plane. This assumption affects the tem-
perature distribution, the validity of the quasi-stationary condition, and the effects
of heat loss.
In the infinite plate, there is more material present to absorb the heat input.
Because heat is drawn away from the point of heat application more rapidly than
in a finite plate, a given isotherm will smaller in all dimensions in an infinite plate.
The temperature decrease at a point after the heat source passes will also be quicker
than for a finite plate for the same reason. Since the use of an infinite plate affects
the temperature distribution, the values of the heat flux and torch spot size found
by matching the analytic temperatures to experimental temperatures at two points
on the plate are inaccurate. When the heat is drawn away more rapidly in the
infinite plate, the calculated heat flux and spot size will be overestimated and the
temperatures at other points will be higher than the actual temperatures.
The analytic temperature distribution is based on the assumption of a quasi-
stationary temperature distribution. When comparing the analytic solution to the
experimental results however, the quasi-stationary condition, which occurs after a
long time, may not have been attained in a plate with finite dimensions. The angular
deflection will therefore vary along the heating line and the simplifying assumption
that temperature does not change with time is no longer valid. If the quasi-stationary
condition is not attained, analytic solution has only a limited application and the
temperature distribution must be matched for two points at the same instant in
time. The quasi-stationary temperature distribution is more likely to occur at lower
heat source speeds, lower heat fluxes, and for thinner plates. The presence of a quasi-
stationary condition can be verified by analyzing the changes in color of the plate
surface which result when a plate is heated and correspond to different temperatures
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[10]. When the thermal state is quasi-stationary, the lines formed by the color changes
are parallel to the heating line.
According to Rosenthal, in plates with large dimensions, the heat losses through
the plate surfaces have no significant impact on the temperature distribution [10].
This response is evident when the analytic and experimental temperature distribu-
tions with and without heat loss are compared as in Figures 4-3, 4-4, 4-5, and 4-6.
This assumption is based on the fact that the heat conductivity of metals is much
greater than their heat dissipation through the plate surfaces. For finite plates, more
heat loss through the surface occurs because, when heat flow reaches a boundary, a
heat potential builds up so that heat flows through the plate surfaces. Since our line
heating experiments involved a relatively small plate with respect to the heating con-
ditions, heat losses are not negligible and the analytic temperature distribution would
not accurately reflect the actual temperature distribution, resulting in higher analytic
temperatures as the plate cools off. This response is evident in Figure 5-15, which
compares the analytic and experimental temperature histories for the same point on
a plate. This trend runs contrary to effects of an infinite plate on the temperature
and therefore, in practice, the rate at which excess heat is drawn away in an infinite
plate is less than would be lost through convective losses.
The analytic temperature distribution might also differ from the actual tempera-
ture distribution with respect to heat loss because of the effects of the experimental
setup as shown in Figure 5-1. The values used for heat dissipation losses are for
surfaces in still air with no impedance to the convection. However, during the experi-
ments, the lower surface was only a short distance from the table which supported it.
With limited flow between the two surfaces, the lower surface of the plate remained
hotter than it would normally be. With a lower heat potential across the surface of
the plate, the effects of heat loss are reduced. Similarly, on the upper surface of the
plate, the flow of gas from the torch affects the amount of natural convection losses.
As the gas hits the plate, it diffuses and spreads across the surface, creating a high
temperature boundary. As on the lower surface of the plate, a lower heat potential
than without an additional boundary with respect to convection is created, reducing
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the amount of surface heat losses. However, as distance from the torch increases, the
deflected gas rises, generating a forced convection, and consequently increasing the
amount of heat loss. Since the temperatures at points on the plate further from the
heat source are relatively low, the amount of convective heat losses is typically low
and would have a negligible impact on the overall temperature distribution.
Since the insignificant effects of convective heat losses are attributed mainly to
the relative magnitudes of the heat conductivity and the heat dissipation coefficients,
for materials with lower values of heat conductivity, convective heat losses become
more dominant. Since the speed of heat flow is reduced, a quasi-stationary state
occurs before heat reaches the plate boundaries and a finite plate acts as an infinite
one. An example of a material which has a lower heat conductivity than steel is
lead [12]. At 100 degrees Celsius, lead has a heat conductivity of 17.6[ w], which
is approximately one-quarter of that for steel at that temperature. At a similar
temperature, lead has a heat dissipation coefficient of 10 m2K]. Lead has a density
p of 11340 and a specific heat c, of 129[ kg. Figure 6-4 shows the temperature
time histories for a point 8[mm] off of the heating line on a 6.35[mm] thick lead
plate with a heat flux of 680 [1i, moving at a speed of 2 Lm] without and with heat
losses. Figure 6-5 shows the temperature distribution in the (-y plane for the same
conditions. By comparing the temperature distributions in lead and steel, it can be
seen that lower heat conductivity decreases the size of a given isotherm and makes
them more narrow. Whereas no discernible difference could be seen in temperature
histories and temperature distributions which compared solutions without and with
heat loss for steel, significant differences can be seen in a lead plate, especially after
long times. Even with the effects of heat loss however, the temperatures in a lead
plate are higher than in a steel plate because the heat conductivity is lower.
6.3.5 LOCAL EFFECTS
The last reason which accounts for the discrepancies between the analytic and the
experimental values of angular deformation is the nature of the analytic solution.
The analytic solution becomes more accurate as distance from the heat source and
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therefore distance from the singularities created by the Bessel function increases.
This is especially true when multiple heat sources or a continuously distributed heat
source is modeled. However, for line heating, the region of interest with respect to
calculating the size of the inherent strain zone and therefore the angular deformation
and equivalent nodal forces is intrinsically near the heat source and therefore the
singularities, where the solution performs the worst. In essence, the model attempts
to apply a global solution to a local problem. The model would be more accurate
only if the heating conditions were high or, for a given heat input, if the critical
temperature is low, so that the critical isotherm is far enough from the singularities.
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Chapter 7
CONCLUSIONS
7.1 INTRODUCTION
Several conclusions can be made regarding the analytic solutions of the angular de-
formations when they are compared to experimental values. These conclusions are
with respect to the qualitative and quantitative attributes, the limitations, and the
practical application of the solution.
7.2 MODEL ATTRIBUTES
The analytic model which employs the modified solution of the temperature distri-
bution in a plate with a moving heat source to calculate angular deformation and
equivalent nodal forces provides a trend in the relation between the heating condi-
tions and the angular deformation which is similar to that found in experimental
results. This trend is that the angular deformation increases with increases in the
heating parameter to a maximum value. With further increases in the heating pa-
rameter beyond this maximum, the amount of deformation decreases and the plate
is in an overheated condition.
While the trends in the relation between the heating conditions and the angular
deformation for the analytic and linear finite element solutions match experimen-
tal trends, the magnitude of the deformations predicted analytically are less than
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the corresponding experimental values, the closest predicted value being half of the
corresponding experimental value.
7.3 MODEL LIMITATIONS AND
APPLICATIONS
There are several reasons why discrepancies exist between the predicted and actual
angular deformations. If the analytic temperature distribution used to calculate the
dimensions of the inherent strain zone is accurate, then the model is limited by the
assumptions made regarding the critical temperature or the residual strain. However,
the accuracy of both the analytic temperature distribution and the mechanical model
could be limited by the use of a single value for temperature dependent variables and
the requirement that the plate be considered infinite.
The selection of the single value of the temperature dependent material properties
to be used in the model is somewhat arbitrary and the effect of the interaction between
the properties is complex and affects the solution greatly.
While the effects of heat loss are accounted for in the analytic solution, they are
negligible because the plate is considered to be infinite in the (-y plane. Therefore,
matching the analytic temperature distribution at every point in an experimental
distribution is difficult. Because heat losses are more dominant in smaller plates, the
analytic solution would match the temperature distribution in a larger plate more
readily.
Similarly, the effects of heat losses are also minimized in plates where the heat
dissipation coefficients are small with respect to the thermal conductivity. Heat losses
will therefore be larger in materials which are poor heat conductors, such as lead or
titanium.
The solution for the temperature distribution improves as distance from the heat
source increases. Therefore, with respect to line heating, the accuracy of the model
improves with higher heating conditions and lower torch spot sizes. The improved
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solution is attributed to the fact that, when a high heat is concentrated, the isotherm
of the critical temperature is far enough from the singularities which occur in the
analytic temperature distribution that they have little impact on it.
The inherent strain zone dimensions are used in both the mechanical model to
calculate angular deformation directly and to calculate equivalent nodal forces to be
used in the linear finite element model. The angular deformations from the finite
element model are more realistic as our model accounts for the longitudinal bending
moment, which is neglected in the mechanical model. Since this moment can be
significant, it will affect the magnitude of the angular deformation and should not
be ignored in the solution. The transverse and longitudinal shrinkage forces have
little impact on the value of the angular deformation since the finite element model is
linear and the forces do not act in a direction which affects the deformation directly.
However, these forces have an indirect affect on the deformation by the swelling which
occurs near the heating line due to compression.
Despite the limitations of the model with respect to its use in line heating, mod-
ifications have been made to the analytic solution for the temperature distribution
in a plate with a moving heat source which are applicable to welding, which was
the original application of the solution. The modifications are with respect to the
distribution of the heat source into a user-defined finite region and the addition of
the effects of heat losses.
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Chapter 8
RECOMMENDATIONS
8.1 INTRODUCTION
Based on the results and conclusions, several recommendations for future research
can be made with respect to the model and the experiments. These recommendations
involve the calibration procedure, the heat source, the local behavior of the analytic
temperature distribution, edge effects, and multiple heating lines.
8.2 CALIBRATION PROCEDURE
It is not clear whether a linear relation exists between the heat flux and temperature
during the calibration procedure. The calibration procedure used in the line heat-
ing experiments employed a water/container system which was exposed to ambient
conditions during heating and therefore experienced heat losses, which are assumed
to be the largest factor in the nonlinearity. Furthermore, the heat losses in the wa-
ter/container system are not necessarily be in the same ratio with the heat absorbed
as that in the plate. To eliminate the nonlinearity, the heat losses should be controlled
during the calibration procedure. This can be done by accepting the heat losses as
part of the calibration and using the plate heated for deformation for the calibra-
tion. For plates without thermocouples, the calibration can be performed using a
calorimeter. After the line heating process, the entire plate is fully immersed into
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water insulated from ambient conditions. The heat flux absorbed by the plate can be
determined from the final temperature of the water in the calorimeter. This method
minimizes the effects of heat losses.
8.3 CONTROLLABLE HEAT SOURCE
The calibration procedure was used during experiments to quantify the magnitude of
the heat flux absorbed by a plate. This process is required because the measured heat
output from a torch is difficult to control. Similarly, the spot size of the torch can not
be determined directly, but is iterated from the measured temperature distribution.
The inaccuracies which result from the calibration procedure can be reduced if a
controllable heat source is used, such as an electric heating device or a laser, which
have a consistent, known heat output, at least for the case of a laser, and the ability
to control and quantify the spot size. The calibration procedure would therefore only
be required to establish the ratio of heat absorbed by the plate to the heat supplied
by the laser. The heating condition, for a given plate thickness, can be controlled by
varying the speed of the heat source. With a more accurate value of the heat flux
and heat affected region, the validity of the model can be better established.
8.4 LOCAL BEHAVIOR OF MODEL
The calculation of the dimensions of the inherent strain zone in the analytic solution
for the temperature distribution with a continuously distributed heat source is affected
by the local singularities which occur at integration points. To improve the accuracy
in this region, a coordinate transformation can be used within the dimensions of the
spot size which eliminates the singularities and yields a smooth, continuous isotherm
of the critical temperature.
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8.5 EDGE EFFECTS
A major assumption used in the thermal model which was also a factor in the dis-
crepancies between the analytic and experimental results was the treatment of the
boundaries of the plate. The plate was assumed to be infinite, which affected the
amount of heat loss and the temperature distribution. Further testing could be done
with larger plates, to verify the conclusions made regarding plate size. This test-
ing would also provide more information relating to the effects of edges on both the
temperature distribution and the amount of angular deformation.
8.6 MULTIPLE HEATING LINES
The simplified thermo-mechanical model described in this paper presents a solution
which can be used for line heating with a single heating pass. However, its validity
has not been established for plates with multiple, parallel line heating passes. Fur-
ther testing would be required to determine whether predicted deformations can be
linearly superposed in plates with multiple heating passes. Similarly, the validity of
the application of the model would need to be established for plates with multiple
passes in more than one direction.
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